Homework 2

Convex Optimization 10-725
Due Friday, September 28 at 11:59pm

Submit your work as a single PDF on Gradescope. Make sure to prepare your
solution to each problem on a separate page. (Gradescope will ask you select the
pages which contain the solution to each problem.)

Total: 86 points
vl.1

1 Subgradients and Proximal Operators (18 pts) [Wenbo|

(a) Recall that subgradient can be viewed as a generalization of gradient for general functions. Let
f be a function from R™ to R. The subdifferential of f at z is defined as df(x) = {g € R™ :
g is a subgradient of f at x}.

(i, 2 pts) Show that df(x) is a convex and closed set.

(ii, 2 pts) Show that Of(x) C Nyy.5(y)<f(z)} (), where recall Nc¢(x) denotes the normal cone to a set

C' at a point . Give an example to show that this containment can be strict.
n

(iii, 2 pts) Let p,q > 0 such that %—i— % = 1. Consider the function f(z) = ||z]|, = (31, 2?)V/P.

Show that Vz,y:
zTy < [lll,llyllq-

The above inequality is known as Holder’s inequality. Hint: you may use the dual repre-
sentation of the £, norm, namely, ||z||, = max;.||, <1 2" z.

(iv, 3 pts) Use Holder’s inequality to show that for f(z) = ||z||p, its subdifferential is d0f(z) =
argmax||.|| <1 2T2. (You are not allowed to use the rule for the subdifferential of a max of
functions for this problem.)

(b) The proximal operator for function i : R"™ — R and ¢ > 0 is defined as:
1
prox; ,(x) = argmin §||z — z||2 + th(2)
4
Compute the proximal operators prox,, ,(x) for the following functions.

(i, 2 pts) h(z) = 327 Az + b7z + ¢, where A € .

(ii, 2 pts) h(z) = Y. z;log z;, where z € R} . Hint: you may refer to the Lambert W-function
when solving for the proximal.

(i, 2 pts) h(2) = [|2]]a-
(iv, 3 pts) h(z) = ||z||o, where ||z||o is defined as ||z|lo = [{zi : z: #0,i =1,...,n}|.

(Bonus) h(z) = Y7, Ailz|@;), where z € R, Ay > Ap > ... > A\, >0, and |z|) > [2]@9) > ... >
|2|(n) are the ordered absolute values of the coordinates of z. This is called the sorted-I;
norm of z. Hint: you may consider the relation of the sign of ; and z;; and sort the entries
in z and consider their correspondence with the sorted entries in |z|.



2 Properties of Proximal Mappings and Subgradients (18
points) [Akash]

(a, 4pts) Prove one direction of the finite pointwise maximum rule for subdifferentials: The subdiffer-

ential of f(z) = max;—1 ., fi(x), for convex f;, i =1,...,m, satisfies
Of (x) 2 conv U oafi . (1)
iifi(z)=f(x)

(b, 4pts) Recall the definition of the proximal mapping: For a function h, the proximal mapping prox,
is defined as

1
prox,(z) = argmin %Hx — ul|2 + h(u). (2)

Show that prox,(z) = u < h(y) > h(u) + 2(z —u) " (y —u) Vy.

t
(c, 5 pts) Show how we can compose an affine mapping with the proximal operator. That is, assuming

f(z) =g(Ax 4+ b), where x € R, A € R™™ and b € R™, and also assuming AAT = al,,, for
some scalar a > 0, then

1
prox;(z) =z + —AT (prox,,(Az +b) — Az — b) (3)
a
Hint: you may find it helpful to reparameterize g(Ax + b) as g(z) with the constraint that
z = Az + b, and then apply this constraint as a Lagrange multipler.

(d, 5 pts) Show that if Vy € dom(g), dg(prox,(y)) 2 dg(y), then

prox; (z) = prox(prox,(z)) (4)
Hints:
1. Consider prox; (), prox,(z), and prox(prox,(z)).

2. The solution of the proximal can be characterized as:

1
u = prox, (z) := argmin §Hu — 2|3+ h(u) <= 0€u—x+oh(u)

u

3. 0(f+9g)=0f+09g

3 Convergence Rate for Proximal Gradient Descent (20 pts)
[Po-Wei]

In this problem, you will show the sublinear convergence for gradient descent and proximal gradient
descent, which was presented in class.
To be clear, we assume that the objective f(x) can be written as f(z) = g(x) + h(x), where

(Al) g is convex, differentiable, and dom(g) = R™.
(A2) Vg is Lipschitz, with constant L > 0.

(A3) h is convex, not necessarily differentiable, and we take dom(h) = R™ for simplicity.



(a) We begin with the simple case f(z) = g(z); that is, h(z) = 0 and can be ignored. We will
prove that the gradient descent converges sublinearly in this case. As a reminder, the iterates
of gradient descent is computed by

ot =a —tVg(z), (5)
where 27 is the iterate succeeding x. Henceforth, we will set ¢ = 1/L for simplicity.

(i, 3pt) Show that
1
+\ < 2
o)~ glw) < 5 [Vo(a)|”

That is, the objective value is monotonically decreasing in each update. This is why
gradient descent is called a “descent method.”

(ii, 3pt) Using convexity of g, show the following helpful inequality:
1
)= 9(:) < Vg(@) (@ = 2) = o [Vg(@)ll?, vz eR™

(iii, 2pt) Show that
L
9(@") = g(@) < 3 (llz = 2*[” = =" = 2*]%),
where z* is the minimizer of g, assuming g(x*) is finite.

(iv, 2pt) Now, aggregating the last inequality over all steps ¢ = 0,..., k&, show that the accuracy
of gradient descent at iteration k is O(1/k), i.e.,
(k) * L (0) *(2
9(@™) —g(*) < |2 — 2"
2k
Put differently, for an e-level accuracy, you need to run at most O(1/¢) iterations.

(b) Now consider the general h in assumption (A3). We will prove that the proximal gradient
descent converges sublinearly under such assumptions. Specifically, the iterates of proximal
gradient descent is computed by

T = prox,, (z — tVg(x)), (6)
where again we will set ¢ = 1/L for simplicity. Further, we define the useful notation

G(z) = % (z—zT).

We will see (in the following proofs) that G(x) behaves like Vg(z) in gradient descent.
(i, 3pt) Show that
1 1

+\ < = T . 2

o) — 9() < ~ V() Cla) + -G
(ii, 3pt) Show that

1
f@h) = f(2) <G@)' (@ = 2) = 7 1G@)*, VzeR™

Note that setting z := x verifies the proximal gradient descent is a “descent method.”
(Hint: Look back at what you did in Q2 part (b) and add the missing h to (i).)



(iii, 4pt) Show that
* L * *
F@h) = f@*) < 5 (le = 2*|* = [l = 2*]) ,

where z* is the minimizer of f. Then show that
(k) oo Lo _ 2
F@®) = fla®) = o)™ — ™"

That is, the proximal descent method achieves O(1/k) accuracy at the k-th iteration.

Bonus. If we further assume g being strongly convex with constant m, show that the proximal
gradient descent converges linearly, that is,

m

) = @) < (1= 2) (F@) = fa)).
You can use the following lemma.

Lemma 1 (Proximal Polyak-Lojasiewicz Inequality). Let A > 0 be a scalar. Define

o) = ~2amin (Vo(o)" = 0)+ 5y~ + o) - ) )
then
(ZS(.’)L‘;)\l) S gb(x, )\2) Zf )\1 S )\2.

Note that ¢(x; A) is related the minimum objective value in the proximal operators.
Hint: Bound f(x) — f(«*) and f(z) — f(2™) using ¢.

4 Stochastic & Proximal Gradient Descent (30 points) [Po-
Wei, Wenbo, Akash]

Suppose predictors (columns of the design matrix X € R"X(p+1)) in a regression problem split up
into J groups:

X = [1 X(l) X(z) X(J)] (7)
where 1 = (11 --- 1) € R™. To achieve sparsity over non-overlapping groups rather than individual
predictors, we may write 3 = (80, B8(1),---,8(s)), Where By is an intercept term and each f;) is

an appropriate coefficient block of 3 corresponding to X(;), and solve the regularized regression
problem:

in - g(B) + h(B). (8)
In the following problems, we will use linear regression to predict the Parkinsons disease (PD)
symptom score on the Parkinsons dataset. The PD symptom score is measured on the unified
Parkinsons disease rating scale (UPDRS). This data contains 5,785 observations, 18 predictors (in
X_train.csv), and an outcome—the toal UPDRS (in y_train.csv). The data were collected at the
University of Oxford, in collaboration with 10 medical centers in the US and Intel Corporation. The
18 columuns in the predictor matrix have the following groupings (in column ordering):

e age: Subject age in years

e sex: Subject gender, ‘O’—male, ‘1’—female

e Jitter (%), Jitter(Abs), Jitter:RAP, Jitter:PPQ5, Jitter:DDP: Several measures of vari-

ation in fundamental frequency of voice



e Shimmer, Shimmer(dB), Shimmer:APQ3, Shimmer:APQ5, Shimmer:APQ11, Shimmer:DDA: Sev-
eral measures of variation in amplitude of voice

e NHR, HNR: T'wo measures of ratio of noise to tonal components in the voice
e RPDE: A nonlinear dynamical complexity measure

e DFA: Signal fractal scaling exponent

e PPE: A nonlinear measure of fundamental frequency variation

We first consider the ridge regression problem, where h(8) = 3||8]|3:

1 A

in —|X8-yl|*>+ =83 9
Jmin o8 -yl + 31813 )
where N is the number of samples. Note: in your implementation for this problem, if you
added a ones vector to X (X = [1 Xy Xy -+ X(J)] ), you should not include the bias term Sy
associated with the ones vector in the penalty.

(a) (2 pt) Derive the stochastic gradient update w.r.t. a batch-size B and a step-size t. Hint:
you will need to a separate update for fy since it should not be penalized.

(b) (5 pt) Implement the stochastic gradient descent algorithm to solve the ridge regression
problem @ Initialize § with random normal values. Fit the model parameters on the
training data (X_train.csv, Y_train.csv) and evaluate the objective function after each
epoch (you will need to plot these values later). Set A = 1. Try different batch-sizes from
{10, 20, 50,100} and different step-sizes from {1072,1072,10~4,1075}. Train for 500 epochs
(an epoch is one iteration though the dataset).

(c) (3 pt) Plot f* — f* versus k (k= 1,...,500) on a semi-log scale (i.e. where the y-axis is in
log scale) for all setting combinations, where f* denotes the objective value averaged over
all samples at epoch k, and the optimal objective value is f* = 57.0410. What do you find?
How do the different step sizes and batch sizes affect the learning curves (i.e. convergence
rate, final convergence value, etc.)?

Next, we consider the least squares group LASSO problem, where h(5) = A Zj wil| Bl

. 1 9

sin o 1X5 =l +A;wj\\ﬂ(j)llg (10)
A common choice for weights on groups wj; is ,/p;, where p; is number of predictors that belong
to the jth group, to adjust for the group sizes.

We will solve the problem using proximal gradient descent algorithm (over the whole dataset).

(a) (5 pt) Derive the proximal operator prox,, ;(z) for the non-smooth component a(3) = A Z}]:1 w; || B ll2-
(b) (2 pt) Derive the proximal gradient update for the objective.
(¢) (5 pt) Implement proximal gradient descent to solve the least squares group lasso problem

on the Parkinsons dataset. Set A = 0.02. Use a fixed step-size t = 0.005 and run for 10000
steps.

(d) (5 pt) Plot f* — f* versus k for the first 10000 iterations (k = 1,...,10000) on a semi-log
scale (i.e. where the y-axis is in log scale) for the training and—testing data, where f* denotes
the objective value averaged over all samples at step k, and the optimal objective value is
f* = 49.9649. Print the components of the solutions numerically. What are the selected
groups?



()

(3 pt) Now implement the LASSO (hint: you shouldn’t have to do any addltlonal coding),
with fixed step-size t = 0.005 and A = 0.02. ‘
Compare the LASSO solution with your group labbo bOluthIlS

(Bonus) Implement accelerated proximal gradient descent with fixed step-size under the
same setting in part (c¢). Hint: be sure to exclude the bias term Sy from the proximal
update, just use a regular accelerated gradient update. Plot f* — f* versus k for both
methods (unaccelerated and accelerated proximal gradient) for £ = 1,...,10000 on a semi-
log scale and compare the selected groups. What do you find?
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