
Multi-level:

Classicali = α0 j[i] + αguitar, j[i] · 1{Instrumenti=guitar} + αpiano, j[i] · 1{Instrumenti=piano} + αstring, j[i] · 1{Instrumenti=string} +

αcontrary, j[i] · 1{Voicei=contracy} + αpar3rd, j[i] · 1{Voicei=par3rd} + αpar5th, j[i] · 1{Voicei=par5th} +

αI-IV-V, j[i] · 1{Harmonyi=I-IV-V} + αI-V-IV, j[i] · 1{Harmonyi=I-V-IV} +

αI-V-VI, j[i] · 1{Harmonyi=I-V-VI} + αIV-I-V, j[i] · 1{Harmonyi=IV-I-V} + εi , εi
iid
∼ N(0, σ2)

α0 j = β0 + η0 j , η0 j
iid
∼ N(0, τ2

0)

αguitar, j = βguitar + ηguitar, j , ηguitar, j
iid
∼ N(0, τ2

guitar)

αpiano, j = βpiano + ηpiano, j , ηpiano, j
iid
∼ N(0, τ2

piano)

αstring, j = βstring + ηstring, j , ηstring, j
iid
∼ N(0, τ2

string)

αcontrary, j = βcontrary + ηcontrary, j , ηcontrary, j
iid
∼ N(0, τ2

contrary)

αpar3rd, j = βpar3rd + ηpar3rd, j , ηpar3rd, j
iid
∼ N(0, τ2

par3rd)

αpar5th, j = βpar5th + ηpar5th, j , ηpar5th, j
iid
∼ N(0, τ2

par5th)

αI-IV-V, j = βI-IV-V + ηI-IV-V, j , ηI-IV-V, j
iid
∼ N(0, τ2

I-IV-V)

αI-V-IV, j = βI-V-IV + ηI-V-IV, j , ηI-V-IV, j
iid
∼ N(0, τ2

I-V-IV)

αI-V-VI, j = βI-V-VI + ηI-V-VI, j , ηI-V-VI, j
iid
∼ N(0, τ2

I-V-VI)

αIV-I-V, j = βIV-I-V + ηIV-I-V, j , ηIV-I-V, j
iid
∼ N(0, τ2

IV-I-V)

Hierarchical:
It’s actually somewhat difficult to write the Hierarchical model efficiently. One way would be

to define

mi = α0 j[i] + αguitar, j[i] · 1{Instrumenti=guitar} + αpiano, j[i] · 1{Instrumenti=piano} + αstring, j[i] · 1{Instrumenti=string} +

αcontrary, j[i] · 1{Voicei=contracy} + αpar3rd, j[i] · 1{Voicei=par3rd} + αpar5th, j[i] · 1{Voicei=par5th} +

αI-IV-V, j[i] · 1{Harmonyi=I-IV-V} + αI-V-IV, j[i] · 1{Harmonyi=I-V-IV} +

αI-V-VI, j[i] · 1{Harmonyi=I-V-VI} + αIV-I-V, j[i] · 1{Harmonyi=IV-I-V}

and then write, ignoring the correlations again,

Classicali ∼ N(mi, σ
2)

α0 j ∼ β0 + η0 j , η0 j
iid
∼ N(0, τ2

0)
αguitar, j ∼ N(βguitar, τ

2
guitar)

αpiano, j ∼ N(βpiano, τ
2
piano)

1



αstring, j ∼ N(βstring, τ
2
string)

αcontrary, j ∼ N(βcontrary, τ
2
contrary)

αpar3rd, j ∼ N(βpar3rd, τ
2
par3rd)

αpar5th, j ∼ N(βpar5th, τ
2
par5th)

αI-IV-V, j ∼ N(βI-IV-V, τ
2
I-IV-V)

αI-V-IV, j ∼ N(βI-V-IV, τ
2
I-V-IV)

αI-V-VI, j ∼ N(βI-V-VI, τ
2
I-V-VI)

αIV-I-V, j ∼ N(βIV-I-V, τ
2
IV-I-V)

A fully correct specification would express the random vector of α’s as a multivariate normal, like
this for the model with random effects (Instrument + Voice + Harmony || Subject), for
example:



α0 j

αguitar, j

αpiano, j

αstring, j

αcontrary, j

αpar3rd, j

αpar5th, j

αI-IV-V, j

αI-V-IV, j

αI-V-VI, j

αIV-I-V, j



iid
∼ N





β0 j

βguitar

βpiano

βstring

βcontrary

βpar3rd

βpar5th

βI-IV-V

βI-V-IV

βI-V-VI

βIV-I-V



,



τ0 j

0 τ2
guitar

0 ρgp τ2
piano

0 ρgs ρps τ2
string (symmetric)

0 0 0 0 τ2
contrary

0 0 0 0 ρc3 τ2
par3rd

0 0 0 0 ρc5 ρ35 τ2
par5th

0 0 0 0 0 0 0 τ2
I-IV-V

0 0 0 0 0 0 0 ρ145,154 τ2
I-V-IV

0 0 0 0 0 0 0 ρ145,156 ρ154,156 τ2
I-V-VI

0 0 0 0 0 0 0 ρ145,415 ρ154,415 ρ156,415 τ2
IV-I-V




and the model with random effects (Instrument + Voice + Harmony | Subject) would
look the same, except the 0’s in the variance-covariance matrix above would be replaced with
additional correlations.
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