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‘ Announcements

Quiz on Sheather 10.1 today
HWO09 due this Weds
HW10 due next Weds

Projects:

o | still owe you grades on Project 01
0 Project 02 out now (HW10, #2: tech appx!)

Project 02 Schedule:
0 Wed Nov 17: Draft Technical Appendix with HW 10.
Wed Nov 24 (or earlier): Full IDMRAD paper first draft.

a
0 Wed Dec 1: Peer reviews due.
0 Fri Dec 10 (or earlier): Full IDMRAD paper final draft!
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‘ Plan for rest of semester

= M Nov 8 —intro to MLM'’s, continued

= W Nov 10 —residuals for MLM’s

= M Nov 15 — estimation and model selection
= W Nov 17 —shrinkage, crash course on Bayes
= M Nov 22 — catch-up, or multilevel glm’s

= M Nov 29 - ?? Maybe spline smoothing

= W Dec 1-7?? Maybe spline smoothing
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‘ Outline

m “Shrinkage” in multilevel models

= Imer() notation, variance components models,
and multi-level models

= Fixed & random effects; multiple effects

(Note: We will talk about how estimation is done - ML,
REML and Empirical Bayes - later. For now we focus on
fitting the model & interpreting the fit.)
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‘ Fitting the random-intercept model

Yi Q] T €iy € £ (0702)

.
Bo +n;, m; ~ N(0,7°)

Q'

(1)
(2)

Multilevel model (both equations 1 and 2) Unpooled fixed effects (equation 1 only)

library (1me4)
lmer.intercept.only <-

Imer(y ~1 + (1 | county.name ) )
summary (lmer.intercept.only)

cties <- as.factor (county)

Im(y ~ cties)

contrasts (cties) <- contr.sum(85)
1lm.unpooled.contrast.from.grand.mean <-

summary (1lm.unpooled.contrast. from.grand.mean)

t Pr(>|t])
32.01 < 2e-16 ***
-1.72 0.085374
-4.36 1.49%9e-05 **x*
-0.65 0.518720

# Random effects: A 2 -

# Groups Name T\A var SD 4 coefficients:

# county.name (Intercept 0.096 0.310 # Est SE

# Re51du:l . o10 ' 0.637 0'792 (Intercept) ,1.34 0.04

# Numb. of obs: , grps: county.name, 85 Stiesl -0.68 0.40

# _ . -0.51 0.11

# Fixed effects: _ -0.30 0.46

# Estimate SE t value # .1

# (Intercept) 1.31 0.05 26.84 # Residual std err: 0.7984 on 834 df
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Random-intercept model: Where are the
intercepts?

> summary (lmer.intercept.only) > summary (lm.unpooled.con-
Random effects: trast.from.grand.mean)
Groups Name Variance Std.Dev

Call:
Im(formula = y ~ cties)

county.name (Intercept) O.
Residual 2
Numb. of obs: 919, grps: county.name, 85

Fixed effects: Coefficients:
Estimate Std. Error t value Estimate Std. Error t value
(Intercept) 1.31257  0.04891  26.84 Pr(>Itl)
> fixef (1lmer.intercept.only) (I?tercept) 0.041980 32.006
(Intercept) ctiesl .683231 \ 0.396682 -1.722
1 312574 cties2 -0.510388 | 0.117180 -4.356
> ramef (lmer. im ept.only) cties3 -0.295300 | 0.457408 -0.646
Scounty . name cties4 -0.202652 | 0.301120 -0.673
~ cties5 -0.091202 | 0.396682 -0.230
AITKIN 0. 2450711 ctiesé6 .169372 / 0.457408 0.370
ANOKR 0. 425038053 cties? .565589/ 0.214984 2.631
BECKER ~0.082191868 [.] \\
BELTRAMI -0.088030506
BENTON -0.022598796
BIG STONE 0.062346490 Fixed effects — estimates
BLUE EARTH 0.404620013/ | Random effects - of regression coefficients
[..] draws from N(0,7?)
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‘ An MLM phenomenon: Shrinkage

The fitted multilevel model

underpredicts high obs’s
and overpredicts low ones. I

© |m(y ~ county.name)

The distribution assumptions imer(y~1+(1]county.name )) I
underlying Imer() “smooth out”
extreme observations!

Multi-level models provide more
smoothing/shrinkage to groups

Deviation from Grand Mean

with smaller sample sizes (since 3

there is less evidence that their I

values should be different from =

“grand mean”.) ’ | | | |

We'll talk about why when we & & 8 & < 4\0& fx\ S
R S & F

talk about estimation, later on...
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‘ Imer() notation...

mx Multilevel model:
Yi = Qoj[i] T 01T T €

apj = Po+ Pru; +n;
= Variance components model:

Yi = 60 —|—/61”LL _|_05137?, +773[z T €

= Imer() model: J / / /

lmer(y ~ 1 + u + x + (1 | county))

t €
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‘ Fixed Effects, Random Effects

m Fixed effects are considered to be “fixed but
unknown” and we try to estimate them, e.g. with
Im(), or the non-parenthesis terms in Imer()

m Random effects are considered to be draws from
a distribution (not fixec

m Some authors say “varying effects ead of
“random effects”...
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There are lots of different models we
could fit... Here are some examples.

= Intercept-only random-intercept model
1id

Yi = o+ €, e; ~ N(0,0%)
11d
a; = Po+mnj, anN(OT)
= Random-intercept model w / |nd|V|duaI level predictors
yi = Qo+ a1mi + e, 6 < N(0,0%)
d
ag; = Bo+nj, 77'2"1“ N(OT)
s Randome-intercept model w / individual & group level
redictors iy
P Yi = an[z]+Oflxz+6u € f\giN(O o )

11d
ao; = Bo+Bu;+n;, 0y~ N,7%)

11/8/2021
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Intercept-only random -intercept model

display() is a briefer version of yz o [ ] _I_ EZ
summary() from library(arm)
a; = [Bo+n;
> y <- log.radon - 5
> MO <- Ilmer(y ~ 1 + (1 | county) ) oo @
> display (MO) : od % 7 S
coef.est coef.se — Fixed effect A - %o
1.31 0.05 b % o
Error terms: 0 1
Groups Name Std.Dev. SE)ofraqqon1
county (Intercept) 0.31 effect -
Residual 0.80 4 5
number of obs: 919, groups: county, 85
AIC = 2265, DIC = 2251, deviance = 2255 2'?% A

> county.sample <- mn.radon$county %in%

> subset <- mn.radon[county.sample, ]

> facet data <-
split (subset, subset$county)

> g <- ggplot (subset,
+ aes (x=ind, y=log.radon)) +
+ facet wrap( ~ county,as.table=F) +
+ geom point(pch=1,color="blue")
> for (j in 1:9)
+ g<-g+
geom hline (data=facet _data[[]j]],
+ aes (yintercept=mean (log.radon)),
+ color="black")
> plot(qg)
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Random-intercept model with individual

predictors
Yi = Qgj[) T 01T T €
>y <- log.radon p; — B() + T4
> x <- floor
> M1 <- , ' ! ' '
lmer(y ~ x + (1 | county) ) ”é of° ]
> display (M1) “?HE“““&mnﬁﬁhﬁhﬁhiami?%“““H~mxﬂ
coef.est coef.se " 1
(Intercept) 1.46 0.05 1
X -0.69 0.07 . " '
Error terms: _" 1 1
Groups Name Std.Dev. S T T T
county (Intercept) 0.33 g
Residual 0.76
number of obs: 919, groups: . . .
county, 85 2-
AIC = 2179.3, DIC = 2156 P ——
deviance = 2163.7 01e ] T

T T T T T T T T T T T T T T T
000 025 050 075 10000 025 050 075 10000 025 050 075 1.00
floor
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Random-intercept model w / individual &

group level predictors
Yi = Qo) T 01T + €
> y <- log.radon o ) _
> x <- floor Qo = 604—61’&]4—773
> u.full <- log.uranium
> M2 <- 1lmer(y ~ x + u.full + (1 | county))
> display (M2)

coef.est coef.se

(Intercept) 1.47 0.04
X -0.67 0.07
u. full 0.72 0.09

Error terms:

Groups Name Std.Dev.
county (Intercept) 0.16
Residual 0.76

number of obs: 919, groups: county, 85
AIC = 2144.2, DIC = 2111.5
deviance = 2122.9

uuuuuuuuu
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One last Radon Model: Random
Intercept, Random Slope, Gp Predictor

Yi
an

alj

Qojli) T Qi) Ti + €
Boo + Bo1u; + 1o

B1o + M1

e X N(0,0?)
iid

Noj; PJ(0770)
iid

> y <- log.radon
> x <- floor
> u.full <- log.uranium

> M3 <- lmer(y ~
x + u.full + (1 + x | county) )

> display (M3)

coef.est
(Intercept) 1.46
X -0.64
u. full 0.77

Error terms:

Groups Name

county (Intcpt)
x

Residual

number of obs:
county, 85

AIC = 2142.6, DIC =
deviance = 2117.7

coef
0
0
0

SD
0.13
0.36
0.75

.se
.04
.09
.09

Corr

0.21

919, groups:

2106.7
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One last Radon Model: Random
Intercept, Random Slope, Gp Predictor
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More on Multinle Random Effects

iid

Yi = o 4] _I_Oélj[]ajz_l_ez € N(O o )
11d

aog; = Boo+ Boiw; +no;  Moj ~ N(O»Toz)
iid

a; = Pro+mj m; ~ N(0,77)

= We always model €, as “independent of
everything” because it is the “unexplainable
variation”

= 7o; and 7y might be dependent on each other!

o Perhaps radon levels are relatively high in some
counties («,; large) but dissipate to a relatively
constant level above ground (a, ; large too).

0 Suggests 7)o and T1j might be correlated.
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‘ Multiple Random Effects

= Thus we often do (and Imer() does) model the
correlation between random effects, e.g.:

Yq
Oéoj

Odlj

)
114

Qoj[i]) T Q1) Ti T € € £ N(0a02)

Boo + Borw; + Mo
B1o + M

11/8/2021
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Multiple Random Effects

Qi) + Q)T T €
Boo + Bo1u; + 1o;

Bio + 115

€; g N(0,0%)
i~ N(0,73)
mj ~ N(0,73)

Cor(noj,mj) = p

s

> y <- log.radon
> x <- floor
> u.full <- log.uranium

> M3 <- lmer(y ~

x + u.full + (1 + x |

> display (M3)

coef.est
(Intercept) 1.46
X -0.64
u. full 0.77

Error terms:
Groups Name
county (Intcpt)

p 4

number of obs:
county, 85

AIC = 2142.6, DIC =
deviance = 2117.7

919,

county) )

coef.se
0.04
0.09
0.09

SD Corr
0.13
0.36 0.21

groups:

2106.7

11/8/2021
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‘Summary

m “Shrinkage” in multilevel models

= Imer() notation, variance components models,
and multi-level models

= Fixed & random effects; multiple effects

(Note: We will talk about how estimation is done - ML,
REML and Empirical Bayes - later. For now we focus on
fitting the model & interpreting the fit.)
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