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1 Motivation and Introduction

Methods that treat related networks to be independent over time are not well-suited for networks observed over mul-
tiple time points. By modeling the temporal networks as different instances of static networks, we lose important
information about network evolution. Instead, modeling them as a related process that accounts for time dependencies
helps us understand the evolution of the underlying network structure. In this work, we propose a state space modeling
approach for evolution of temporal networks using a class of latent variable models called latent space network models
Hoff et al.[(2002). We assume that network dynamics in time are direct functions of evolutions in the latent positions
of the nodes. More specifically we focus on stationary vector autoregressive (VAR) representation of the evolution to

model a stable and stationary evolution process that is commonly seen in real world social networks.

The latent space mode (LSM) for social networks was introduced by Hoff et al.| (2002)); while Hoff and Ward| (2004});
Handcock et al.|(2007); Raftery et al.| (2012) have explored methodological and computational aspects of the static
latent space models. LSM represents the underlying network structure by the positions of nodes in a continuous
(Euclidean) latent space and thus allows for basic network properties like reciprocity and transitivity of the nodes. If
two nodes share a tie, they lie close to each other in the latent space, increasing the probability of reciprocation of
the tie. If two ties in a network share a common node, then the two remaining nodes will lie close to each other in
the latent space. This property of the model allows for transitivity of the nodes by increasing the probability of a tie

between them.

We account for different possibilities of forming ties in temporal network data by extending the static latent space
model (LSM). We extend the ideas of reciprocity and transitivity in a static LSM to the temporal network setting.

Nodes with ties at previous time points are more likely to have ties in the future, indicating that they will lie close to
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Figure 1: Networks simulated under random walk plus noise evolution of the latent positions

each other in the future latent space. Similarly, if two nodes ¢ and j, and nodes ¢ and k have ties at time ¢, the nodes j
and k are more likely to have a tie at t + 1. Furthermore, a network can evolve in time by the expansion of the latent
positions making the network sparser, by the shrinkage of the latent positions which makes the network denser, or by
no change in the latent positions which implies no substantive change in the network structure (after accounting for a

common feature of the networks that do not change over time).

Sarkar and Moore|(2005)) introduced a predictive latent space model for temporal networks. We also note that similar
work is being developed independently by |Sewell and Chen| (2014). Both Sarkar and Moore| (2005) and [Sewell
and Chen| (2014) focus on random walk plus noise evolution. While these models are good starting points they do
not necessarily account for some changes that we see in real world networks. Variance of the latent positions are
increasing with time in random walk models thus implying that the network gets sparser with time, as demonstrated in
Figure[I} This assumption is not realistic in social networks, for example advice seeking network of teachers, where

while the nodes move around in the space they do not necessarily keep moving away from each other. [[TODO:CITE]]

In this paper, we introduce an alternative way to specify the evolution of the latent positions as a stable and stationary
process. We also present an MCMC algorithm to draw samples from the posterior distribution of the parameters.
Latent space positions are identifiable in this model only upto the class of distance preserving transformations. This
unidentifiability in the latent space positions also contributes to unidentifiability of the VAR parameter. Novel contribu-
tion of this work is in specifying the identifiable component of the VAR parameter and its significance in understanding

the evolution of networks with time.



Organization of the paper is as follows. We present the proposed model in section 2] We discuss the estimation of
the model parameters using MCMC in section [3] We demonstrate the performance of the model in simulated data in

section4] and end with summary and conclusion in section 5}

2 Model

The latent space network model (LSM) introduced by |[Hoff et al.|(2002) is characterized by the positions of the nodes
in a low-dimensional latent space. |Hoff et al.|(2002)) describe the latent space as a social space containing unobserved
characteristics of the network, where nodes with similar latent characteristics will have nearby latent positions. First,
it is assumed that conditional on the latent positions ties in the network are assumed to form independently. Secondly,

probability of a tie between nodes ¢ and j is inversely related to the inter-distance between their latent positions.

Let Y denote a random variable representing a network graph with n nodes. It is usually represented by a n x n socio
matrix, with entries Y;;, where Y;; measures the strength of a relationship from node 7 to node j, and can be either
discrete or continuous. We use upper-case Y to denote a random variable, and lower-case y to denote its realization.

For simplicity, we will consider a discrete and undirected network Y such that

1 if there is a tie between i and j
Y =
0 if there is no tie.

However, these models can be easily extended to ordinal and continuous valued ties based on the techniques used for
generalized linear models. We will use Z to denote a n x d matrix of the latent positions, such that its i*" row Z; is a
vector representing the position of a node 7 in a d dimensional latent space. Let p;; denote the probability of forming
a tie between nodes ¢ and j and ||Z; — Z;|| denote the distance (for example, Euclidean) between the latent positions

Z; and Z;. LSM can then be written in notation as

Yi; ~ Bernoulli(p;;)
nij = logit (pi;) = Bo — || Zi — Zj|| (D
Z; ~ Multivariate Normal(0, X),

where () is the intercept and . is the variance of the latent positions Z;s, which are assumed to have Multivariate

Normal Distribution centered around the origin.

Further, likelihood of a network Y conditional on the latent positions Z and the intercept 3y is then given by

P(Y =y|Z, o) = [ [ explni; Yi; — log (1 + exp(n;;))]- @)
i#i



The intercept 3y in the model can be seen as an overall fixed network effect, whereas the latent positions Z;s are the
random effects. Further, it is evident from the model presented above that if two nodes ¢ and j have the same latent
position, then log-odds of forming a tie between i and j is 8y. LSM is a useful and appealing method for network
analysis because it implicitly models different network features while making fewer assumptions about the dependence

structure of the ties.

2.1 Temporal LSM with VAR(1) Dependence in the Latent Positions

In this paper, we combine ideas from the latent space model of Hoff et al.| (2002) and the state-space modeling
approach to model evolution of networks in time through the changes in latent positions. We allow stationary vector

autoregressive dependence of order 1 (VARI) in the nodal positions as a function of the previous latent positions.

Define Y; as a sociomatrix of the network at time ¢ with entries Y;;; measuring a relationship from node ¢ to j at that
time point. Further, we will use Y1.7 := [Y1Y5 ... Y] to denote a block matrix of socio-matrices up to 7" time point,
and Zy.7 := [Z1Z> ... Zr] to denote the block matrix of latent positions up to time 7. Y; is a n X n matrix of ties,
with NA along the diagonal. Z; is a n x d matrix of d dimensional latent space, with Z;; denoting the i*" row of Z;.

Finally, Sy is an overall intercept of the model, assumed to be constant over time.

The LSM for static model can be extended to account for temporal dependence as

Y ~ Bernoulli(p;;;) for i # j

logit(pijt) = Bo — | Zit — Zj4l]
Z; 1 ~ Multivariate Normal(0, Xy), fori =1,...,n 3)
Ziy=®Ziy 1 +efort=2,...,T

€; ~ Multivariate Normal(0, ).

Here, @ is a d x d matrix of autoregressive parameters. Yy is a variance-covariance matrix of the d-dimensional latent
positions at the initial time point of the series, and X is the variance-covariance matrix of the multivariate normal error

€ fort > 1.

Assuming stationary VAR model we can compute the covariance matrix of each Z; ; as

vec(Xg) := vec(var(Ziy)) = var(Z;1) = (I — ® x @) tvec(X),

where, A * B is a Kronecker Delta product of two matrices A and B, I is an identity matrix of dimension d? x d? and

vec(X) is a vector formed by stacking columns of ¥ together.



For a centered VAR process of order p of we can specify stationarity condition as

Zit = ®1Zi4-1) + P2Zii—2y + o+ PpZ(it—p) t+ €t

p
Zit — Z @ Zit—j) = €t
j=1

p _ 4)
Zit — Z ;B Zyy = e

j=1
p .
(1= ®;B)Zy = €,
j=1
where, B is the backshift operator and I is d x d identity matrix. Then we have the condition that Z;; is a stationary
VAR(p) process if the roots of the det{I — Zg’:l ®,; B’} are all outside the unit circle or equivalently all are greater

than 1 in absolute value. For VAR(1) process this condition is satisfied if the eigenvalues of ® are less than 1 in

absolute value.

3 Estimation

We use Metropolis Hastings within Gibbs algorithm to draw samples from the posterior distribution of the parameters,
Bo, Z1.7 and ®. First, lets look at the joint likelihood of Y, Z, 5y and ® under the model illustrated in Equation

The joint likelihood of the data and the parameters in the model can be written as

P(szaﬁ()v@) = P(Y|Z17"'7ZT7ﬂ0aq))P(Zlv'"7ZT7507©)
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Prior distributions for the parameters in the models is specified as,

Bo ~ Normal(ug, o)
Y ~ InverseGamma(A, B)

®;; ~ Normal(u, 7)I{|\i;] < 1}Vii



where, ®;; is the 1, jth entry of ® and \;; is the iith Eigen value of ®. uz,Eo,uo,ag are hyper-parameters of the model
specifying mean and variance of the prior distribution of latent positions at time ¢ = 1 and intercept respectively. We
assume X to be diagonal for convenience of estimation. A and B are shape and rate parameters of the Inverse-Gamma

prior distribution on the 4i*" diagonal element of the variance of the error term in the latent space positions.

The likelihood of a network is related to the latent positions, Z;’s, only through inter-distance of the nodes in the
latent space. Any isometric transformations in Z;’s will not change the first term representing the network likelihood
in Equation [5} However, multivariate Normal density function, which is a prior density on latent positions, is not
invariant to the isometric transformation unless the variance covariance matrix is diagonal representing a spherical
distribution (Tong} 2012). These properties make estimation of Z;s and ® non-identifiable. In the rest of the section,

we discuss our approach to estimating identifiable component of ® and its role in inference of the network dynamics.

3.1 Un-identifiability of the Latent Positions

We first show that the rotation in the latent positions is an issue only when drawing samples for the initial time point

in Monte Carlo run in Theorem [3.1]

Theorem 3.1 [[TODO:CITE/ Acknowledge Cosma for this proof]] Let Z; and X; be two isometric latent configura-
tions. We may fix, within a single Monte Carlo run, the previous latent configuration Z;_1, the evolution operator @,
and the noise variance of the latent evolution Y. Claim: If =1 is strictly positive definite, then for Lebesgue-almost-all

X, isometric to Zy, Pr(X¢|Zi—1,®,%) # Pr(Zi|Z;—1,®,X).

Proof The two probabilities are equal iff their logarithms are equal. After canceling constant terms which are the

same between the two probabilities, the logs are equal iff
(X, =07, )T N X —®Zi 1) = (2 — 2, 1)TS" N2 — ®Z,y).

Since (by assumption) ¥~ ! is positive-definite, the quadratic forms appearing on either side of the equation are both
> 0. If only one is zero, there can’t be equality, so either they’re both zero or they’re both positive. If they are both
zero, then (again by positive-definiteness of the matrix) X; — ®Z;_y = 0 = Z; — ®Z,_1, implying X; = Z;, which

contradicts the assumption that they are distinct.

Then, we are left with the case where both the quadratic forms equal the same positive number, lets call it c¢. The
set of points in the latent space where the quadratic form is equal to c is an ellipsoid, centered at ®7;_;, where the
directions of the axes come from the eigenvectors of ¥ and their widths from the eigenvalues. An important point here
is the center, and the fact that, because the eigenvalues are all positive, the surface extends through all dimensions of

the latent space.



Our concern is that X; might be an -arbitrary- isometry of Z;. But since X; and Z; must both lie on the ellipsoid, which
is centered at ®7;_;, they cannot be related through arbitrary translations. Thus we only need to concern ourselves
with the case X; = RZ,, for an arbitrary rotation-reflection isometry R. But the set of such X, consists of a sphere
centered at the origin, which cannot coincide with, or even be a subset of, an ellipsoid centered elsewhere. There
may be a set of intersection between the sphere and the ellipsoid, but (being the intersection of two low-dimensional

surfaces) it will have Lebesgue measure 0. |

Thus, we observe that while rotation of the latent positions at the first time point for each Monte Carlo draw is a
potential concern for identification of ®, the orientation of the positions for the subsequent time points at that draw
will only depend on the orientation of the first one. We attempt to fix for the rotational effect by using Procrustean

transformation of the latent positions at the first time point to a fixed target for each MCMC draws.

3.2 Un-identifiability of the Vector Autoregressive Parameter ®

Let us begin by rewriting the evolution model (state equation) that relates latent space positions at time ¢ and time ¢ — 1
as

Zit = (I)Zi(tfl) + €t (6)
We refer to Equation [6]as the equation relating true underlying relationship between latent positions over time.

Our goal in the estimation is to recover and understand this relationship. However, rotational invariance of the model
while sampling the latent positions in this setup leads to un-identifiability in the ® parameter. We now show that ®

can be identified only up to a class of similar matrix.

Let us consider the K*" draw of the latent positions for all 7" times points in MCMC estimation. We will denote it by
~ K . . . . .. .
Z1.7 . The latent positions at t = 1 can only be estimated up to an isometry, as the latent distance is invariant to such

transformation. The orientation of 21 also determines the orientation of Zts fort > 1.

Denote foT as an isometric transformation of the true positions Z; that satisfies the relationship in EI (up to Monte
Carlo error). Let L denote the transformation operator at each time ¢ during the estimation. Also, note that L5 =
LK ,Vt. The inter nodal distance is preserved during these transformations (up to MCMC error). Using D(.) to denote

the Euclidean distance operator for a matrix (.) we can write
D(L{(Z)) = D(Zy)vt.

Further, since Z;.7 are unknown (latent) parameters, L{fT are also unknown.



We fix this problem by using procrustes transformation of the latent space positions, ZK at each step of the Monte
Carlo draw. Let Z, denote a fixed set of positions for n nodes in a d dimensional Euclidean space. We will call Zyg
our target positions. Then, at each step of MCMC we do procrustes transformation on Z K such that they are as close
to Zyo as possible while preserving the inter distances between the nodes. Lets denote this isometric transformation
in the K" MCMC draw by P{. Note that P;(.)¥ is a function of Zy and A K| as the transformation matrix for each

time point depends on target Zyo and Z K,

In the next two Lemmas, we first show that doing procrustes transformation on Z K produces the same set of positions
as does the procrustes transformation on Z; directly. This fact justifies the use of procrustes transformation within our

estimation method. Next, we show how the VAR parameter in the transformed positions are related to the true ®.

Theorem 3.2 Let Zyy be an arbitrary (centered) positions. For each Z{( , let PE denote a isometric transformation
such that:

PE .= argmingptr(Zoo — ZET)(Zoo — ZET)T.

For each Zy, let TY denote a isometric transformation such that:
T = argmingtr(Zoo — Z1T)(Zoo — Z1T)7.

Then, T} = L¥ PK.

Proof Let SVD(Z1,Z,) = UAVT. Then, T} := argmintr(Zog — Z1T)(Zoo — Z:T)T = VUT.

Also,

zLz, LX = SvD(zLz)LE
= UAVTLE
_ UAvl*KT
(V;*ET is an orthogonal matrix)

= SVD(zZLZ,L¥).

Then, PX := argmingtr(Zog — TZ1 LE) = Vi*&UT = LTEyUT.

Finally note that: L¥ PK = LELETyUT =vUuT =17, |}



Theorem 3.3 Let SVD(®) = UAVT and SV D(®*K) = UK A*EV*TK ywhere, U, V, U*E and V*X are orthogo-

nal matrices and A and A*¥ are diagonal matrices of singular values.

If 2K = ZE ()T 4 K then ® and ®*K are similar matrices. Further, A = A*K .

Proof The new dependence equation between transformed latent space positions up to Monte Carlo error can be

written as
Pt(WtK) = Ptfl(Wtiil)(I)*KT + EIK
Pi(Li(Z) = Pia(Le-1(Zi-1)@ T + ™
Zy(PELE)T = Zi g (P LE)TONT 4 g7
Zy = Za(PELE )T T(PRLY) + ¢ PRLE.
i

The above equations give us tools to relate ®* and ® such that:

® = (PFLE )T R (PFLY). (7)

First note that, P,_,L;_; and P;L; are both rotation matrices. Also,

(PtIE2L£2)T(I)*KPt}£1LtIi1 = (PtlilL{il)T(I)*K(PtKLtK)

= o = (PtIE2LtK—2)(PtI£1L{(—1)T(I)*K(PtKLtK)(PtlilLfil)T'

Thus we have that,

Il
~

(PEoLys o) (P L )T

K 1K
= P20,

(P L))~
= ((PELE)DT

= (PtlflLf{—l)'



We can similarly show that PXLE = PX LK = CK forallt = 1,...,T, where C¥ is an orthogonal matrix.

Putting this all together we can rewrite (/| as:

P = CKT@*KcK — (CK)flé*KcK

Thus, we showed that ® and ®*X are similar matrices.

Next, denote SV D(®) = UAVT where U and V are orthogonal matrices. Also, denote SV D(®*) by U*A*V*T.

Since, SV D(®) is unique given some regulatory conditions on & we can show that A = A*. Further,

(Po1L; ) 'U*=U

and

(PL)VT =VT,

Further, the variance covariance matrix of € is also transformed such that COV (e, P,L;) = (P.L)Y*(P.L)T =

COV (€;;). In some ways, this equation gives us a way to define a distribution of ¢;.

3.3 Estimation with Missing Nodes

The first term in the product in Equation [5] can be easily obtained from Equation [2] for each time point ¢ since the
networks are independent over time conditional on the latent positions and the intercept. However, we need to account
for the changing number of the nodes over time while computing the likelihood of the latent positions. We will assume
that nodes are missing at random. Further, once a node exits a network there is a very less chance that it will re-enter.
Thus, if a node enters the network after ¢ = 1 we will use the time point as its initial time and assume that its latent

position has the same prior as Z;;. Let {IV;_1 } denote set of nodes at time ¢ that were also present at t — 1.

The likelihood in Equation [5|can be re-written as

T ni
P(Y,Z,B0,®) = [ [ [[ P(Vijtlzin 236 Bo) x [ ] P(2i210, 2o (@)
i=1

t=1i#j

T ny
X H I_IZ[P(ZZ’A(I)7 Zit—1, E)l(l S {Ntfl}) + P(,2'74'$t|07 EQ(‘D))'(Z € {Ntfl})} ®

t=21i=1

X P(ﬁ()) X P((I)) X P(E)

10



3.4 Prediction and Model Comparison

One of the goals of this work is to develop a systematic approach to predict future ties at 7} given the networks up to

time 7". We can use the posterior MCMC draws of Z;.7 to estimate 7 1.7. Observe that, for VAR(1) evolution model:

P(Zri|Yir = /P(ZT+1|Zl:T,50,¢,Z)P(Z1:T|Y1:T7ﬁo7‘I%Z)le;Tdﬂodq’dE

nr4 9
Y I IN(Zirin)|@Zi, £91G € {N2}) + N(Zigr sy iz, S(2DIGE & {N1)]

=1 i=

~
~

S

Then,

L3, (@1ZL) if(i € {Nr})
N I=1 iT T
Zri =E(Zri) =3 " :
Uz else

And finally the predictive probability of tie between nodes 7 and j at time 7'+ 1 is
Pijer+1) = Bo — 1 Zicrs1y — Ziers .

We use similar method for prediction using estimates of latent space positions from random walk model.

4 Simulation

S Summary and Discussion
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