Thisis pagel
Printer:Opaquethis

Ontheinterplaybetween
nonparametriandparametridRT,
with somethoughtsaboutthefuture

Brian Junlker!

ABSTRACT In this chapterl review someof the importantresearchin nonpara-
metricandparametridtem responseheory(IRT) today andconsidersomecurrent
measurementhallengesn educationand cognitive psychology This leadsto as-
sessmenmnodelsthatdo notlook very muchlik e todays IRT models but for which
the tools andconceptuaframevork of nonparametri@and parametridRT arestill
quitewell suited.

1 Introduction

In introducing SusanEmbretsors 1999 PresidentialAddressat the European
Meeting of the PsychometricSocietyin Linelurg Germary, lvo Molenaarde-
finedpsychometricais“mathematicabtatisticsn the serviceof substantie psy-
chology”: thatdefinitioncutsa prettywide swath,andindicategusthow general
the psychometrienterprisecanandshouldbe. Iltem responséeheory (IRT; e.g.,
Fischer& Molenaar1995;VanderLinden& Hambleton1997)is apsychometric
approachio modelingdatafrom socialsurveysandeducationahndpsychological
testsdatingbackatleastto Lord (1952)andRasch(1960),andto thework of Lo-
evingerandGuttmanbeforethem.IRT enablesusto studythe characteristicef
testor sunwey itemsacrossnultiple respondenpopulationsandto studyrespon-
dents’ propensitiedo answerpositively acrossvariousitems. IRT hasarguably
beenone of the mostsuccessfubhndwidely usedtechniquesn psychometrics,
with applicationgn developmentalsocial,educationahndcognitive psychology
for example,aswell asin medicalresearchdemographyndothersocialscience
settings.

In thischapted will try to briefly summarizesomeof theimportantresearclhin
nonparametriandparametridRT today emphasizingheinterplaybetweerpara-
metric and nonparametrienodelsthat is the hallmark of the approachnitiated
in the Netherland$y Mokkenandpursuedoy Molenaar Sijtsma,andtheir col-
leaguesandre-ignitedin theU.S.by Holland,Rosenbaunandtheir colleaguesl.
will try to show thatabroadunderstandingf IRT asaninstanceof “mathematical
statisticsin the serviceof substantie psychology” togethemwith anappreciation
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of someof the currentmeasurementhallengesn educationand cognitive psy-
chology lead us to assessmemhodelsthat do not look very muchlike today's
IRT models,but for which thetoolsandconceptuaframeavork of nonparametric
andparametridRT areparticularlywell suited.

2 Nonparametri¢RT: ScaleConstruction

To save spaceandpresere focus,my summaryof nonparametri¢dRT will con-
centrateon the scalingtheorytechniquesntroducedby Mokkenandpursuedoy
Molenaar Sijtsma,andtheir colleagueslimportantrelatedwork on nonparamet-
ric essentialinidimensionalitye.g.,Stout1987,1990;Zhang& Stout,1996;and
Stout,Habing,Douglas,Kim, Roussos& Zhang,1996),nonparametricegres-
sion estimatef item responsdunctionsandtestresponsesurfaces(especially
Ramsay1991,1995,1996),andrelatedparametri@ndnonparametrigvork (e.g.,
Meijer, 1996; Cliff & Donoghue,1992; Drasgav, Levine, Tsien, Williams, &
Mead,1995;Samejima,1997)will notbeconsideredn detail.

2.1 MonotoneHomageneity/ Strict Unidimensionality

The Mokken (1971) model of monotonehomaeneity startswith very few as-
sumptionsA collectionof item responsevariablesX = (Xi,...,Xx), which
may include dichotomous,orderedpolytomous,or even continuousresponses
satisfieghis model,if 8, thelatenttrait, is a real-valuedrandomvariable(unidi-
mensionality);if eachitem stepresponsdunction (ISRF) P[X; > ¢|#] is non-
decreasingn 8 for eachitem responsevariable X; and eachreal thresholde
(monotonicity);andif

k
P[X1>e1,..., Xg > ilf] = [[ P[X:i > cil6] (1.1)

i=1
for all possiblecutoffs ¢; (localindependenceYWhentheresponsés dichotomous

(X; =0o0r1)l referto P;(8) = P[X; = 1|6] astheitemresponséunction(IRF).
In thatcasegquation(1.1) reducego thefamiliarform

k
PX,=mz,...,Xp =x1] = HPi(o)wi [1— Pi(O) = (1.2)
i=1
The datawe obsene when examineesor subjectsrespondto testor surey

itemscanbe thoughtof asi.i.d. sampledrom the marginal discretemultivariate
distribution,

P[Xl >Cly...,XE > Ck] = /P[X1 >Cly...,XE > Ckle]dF(e), (1.3)
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wheretheintegrandcomedrom eitherequatior(1.1)or equation(1.2),andd F'(#)

representshe distribution of 8 in the populationof interest.The assumptionsf
unidimensionalitymonotonicityandlocalindependenceanberelaxedin various
ways (e.g.,Sections2.2, 3.2 and 4.1 belaw), but this basicmodelhasbeenthe
foundationof muchnonparametriscaleconstruction.

Nonparametriccaleconstruction

For dichotomoustems,a nonparametritheoryof scaleconstructiorhasexisted
atleastsinceMokken(1971;1997;seealsoMolenaar1991;1997).Theprincipal
toolsof thattheoryareadaptationsf Loevinger's(1948)H coeficients,compar
ing the mamginal covarianceCov (X;, X;) of eachitem pair with the maximum
covarianceCov 4. (X;, X;) possible preservinghemamginsof theobsenedX;
x X; table.TheboundCov ., (X;, X;) is obtainedby adjustingthetableto re-
move Guttmanerrors(e.g.,Molenaar 1991);andindeedthe original formulasfor
the H coeficientswereexpressedsratiosof Guttmanerrors(Mokken,1997).

A relatedmodelingconditionfor dichotomoustemsis invariantitemordering
whichsaysthatIRF’s do notcrossifor everypairi andj, eitherP;(8) < P;(8) or
P;(8) < P;(8) holdsuniformly for all 8. Rosenbaun{1987a,b)yndSijtsmaand
Junler (1996,1997)explore andextendthis ideaandprovide scaleconstruction
examplesMokken’s doublemonotonicitymodelincorporatedoththe monotone
homogeneityandinvariantitem orderingassumptions.

The H coeficientsaredirectly sensitve only to high or low correlationsbe-
tweenitems,ratherthanto local independencgivené asin equationg1.1) and
(1.2).If thecorrelationsarenearzero,we maybe unsatisfiedo assumehatsuch
a @ exists (seefor examplethe discussiorof co-monotonicityin Junler & Ellis,
1997).While a perfectGuttmanscalewould produceH coeficientsequalto one,
large H coeficientsprovideonly indirectevidenceof a8 “explaining” covariation
in theitemresponsem the senseof localindependence.

More directattackson the problemof establishingsucha # from dataanaly-
sishave beenpursuedby Stout,Ramsayandtheir studentsaandcolleaguesStout
(1990;andsubsequentiork, for exampleStoutetal., 1996)constructs proxyfor
# from thetotal scoreon a specially-selectedubsebdf theitemsandusest to test
awealenedversionof monotonehomogeneityStouts essentialinidimensional-
ity model.Ramsay(1991)constructsonparametricegressiorestimate®f item
(step)responsdunctionsusingtotal scoreor restscore(seeSection2.1 belov
for definitions)asa proxy for €, which allows oneto explore non-monotonicity
Ramsay(1995) constructsnonparametri¢ocal smoothingestimatesf the joint
responseurfaceof all itemson thetest.Stouts andRamsays methodsaregen-
erally more computationallycomple, and seemto requirelarger examineeand
item samplesizesthanthe methodsnitiatedby Mokkenanddevelopedby Mole-
naay Sijtsma,Rosenbaunandtheir colleaguesand studentsThusthe Mokken
techniquediave beenmorewidely usedin smallersocialsurey andexperimental
psychologysettings.

Molenaar(1991) provided a direct generalizatiorof the H coeficientsto the
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caseof polytomousresponsesanddevelopedan effective computationamethod
for obtaining Cov 5 (X;, X;) in the polytomouscase.Hemler, Sijtsmaand
Molenaar(1995) apply theseideasto scaling polytomousitems. Generalizing
invariantitem orderingto the polytomouscaseturns out to be somevhat deli-
cate.The mostsuccessfubpproacho dateis basedon preservingthe order of
expecteditem scoresg.g. E[X;|0] < E[X;|0] uniformly in @ for fixeds andyj;
Sijtsmaand Hemlker (1998) comparethis approachwith otherapproachege.g.,
Molenaar 1997; Scheiblechnerl995) thatimposeorderrestrictionsdirectly on
thelSRF's P[X; > ¢|4], uniformlyin 6.

Anotherapproacho understandingcalingby the Mokkenmodel—indichoto-
mous,polytomousandmoregeneralsettings—vasinitiated by Holland (1981),
Rosenbaunil984),andHollandandRosenbaun(i1986;seealsoMeredith,1965).
Junler (1993),Ellis andJunler (1997)andJunlerandEllis (1997)continuedhis
approachthey combineHolland and Rosenbauns (1996) conditionalassocia-
tion (CA) condition

VY partitionsX = (Y, Z), V f, g non-decreasingvh(Z),

14
Cov (F(¥),g(V)]h(2)) 20, 14
with avanishingconditionaldependenceondition
Vk, asm — o, (X1,...,Xx) becomeandependent, (1.5)
given(Xga1,-«« s Xktm), '

to obtaina completecharacterizatiomf aninfinite-item-poolformulationof the
basicmonotonehomogeneitynodel,in whiché is bothgenuinelyatentandcon-
sistentlyestimablein termsof thejoint distribution of obsenableitemresponses.

Stochastiordering

A sideeffectof theeffort to understandhow to characterizandtestthemonotone
homogeneitymodelhasbeena selectionof othermodeltestingcriteria, suchas
Junler’s (1993)“manifestmonotonicity”propertyfor dichotomoustemsfollow-
ing themonotonehomogeneitymodel,

PX; = 1|X§r_i) = s] is non-decreasinm s. (1.6)
This.property andexamplesshaving thatit doesnot hold whenthe “rest score”
XJ(F_’) = ¥, X; is replacedby thetotal scoreX, = ¥, X;, areincludedin
unpublishedvork of MolenaamndTom SnijdergJunter, 1993;Junker& Sijtsma,

2000).
Existingproofsof (1.6) hingeon establishinga “stochasticordering”property

for 8, giventhetotal scoreX . [or equ'valentlytherestscoreXJ(r_i)]:
P[f > ¢| X = s] isnon-decreasinm s, V c. 1.7)

Hemler, Sijtsma, Molenaarand Junler (1996, 1997) call this property“SOL"
(StochasticOrdering of the Latenttrait by the sum score),and shawv that, sur
prisingly, this property doesnot generalizeto “most” nonparametricordered-
polytomousresponsdRT models.Thusfor example,rules basedon cutoffs for
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X, neednotbe mostpowerful for “masterydecisions’in thesensef 8 > ¢; on
theotherhand,suchcutoff rulesfor X are mostpowerful for masterydecisions
in thenonparametridichotomousesponsease(Grayson,1988;Huynh,1994).

In the processof developing thesestochasticorderingideas,Hemler et al.
(1997)andHemler and Sijtsma(1999) have developeda taxonomyof nonpara-
metricand parametrigtem responsenodels that usefully complementshe tax-
onomyof Thissenand Steinbeg (1986). The Hemker taxonomyis basedon the
cumulative, continuation-ratioand adjacent-cagory logits that are commonly
usedto defineparametridamiliesof polytomoud RT models.Commonformsof
gradedresponsanodels(GRM; Samejima1997 for example),sequentiamod-
els (SM; Tutz, 1990; Mellenbegh, 1995; Samejima,1969, 1995), and partial
creditmodels(PCM; Masters1982)assumetespectiely, thatthelogit functions
logit P[X; > c|6], logit P[X; > c¢|X > ¢ —1,6], andlogit P[X; = c+ 1|X; €
{¢, c+1}, 6] arelinearin 8. Hemlker'sanalogousionparametrimodelclassesthe
np-GRM, np-SMandnp-PCM,assumenly thattheselogits arenon-deceasing
ing.

Thistaxonomyis a powerful way to organizeideasaboutmodeldefinitionand
modeldevelopmenin applicationsof both parametri@andnonparametri¢RT. It
follows thatthe np-PCMclassis nestedwithin the np-SM class,whichis nested
within the np-GRM class;moreover all threelinearlogit familiesabove (GRM,
SMandPCM)arein factsubclassesf thenp-PCMclass As HemlkerandSijtsma
(1999)andVanderArk (1999)shaw, this approactalsohighlightslinks between
polytomouslRT andthe machineryof generalizedinear models(McCullagh&
Nelder 1989),just asit haslong beenrealizedthat parametriadichotomoudRT
is basicallymultivariate mixed effectslogistic regression(e.g., Douglas& Qui,
1997;seealsolLee & Nelder 1996).It is importantto realizehoweverthatof all
of the modelsstudiedby Hemlker and his colleaguesonly the parametricPCM
andits specialcaseshave the nice stochastiorderingpropertySOL (seel.7).

2.2 SomédnterestingQuestions

An ongoingquestionin this areais developingadequatalataanalysismethodol-
ogy. Most of whatcannow be done,in the dichotomousand polytomouscases,
is encodedn the computemprogramMSP (Molenaar& Sijtsma,1999).Sijtsma
(1998)providesanexcellentsurey of nonparametri¢RT approachew® theanal-
ysis of dichotomoustem scoresjMolenaar(1997)and SijtsmaandVander Ark
(this volume) surwey extensionsto the polytomouscase.Snijders(this volume)
introducesMokkenscalingtools for multilevel dataaswell. Ellis (1994)hasre-
examinedMokken’s hypothesigestingframework for the H coeficients,andde-
veloped,in principle, new testsbasedon the theoryof orderrestrictednference
of RobertsonWright and Dykstra(1988). The samemethodsmay be usefulto
developtestsof manifestmonotonicity In additionto HollandandRosenbauns
(1986)applicationof the Mantel-Haenzelest, YuanandClarke (1999)have de-
velopedasymptotiacheoryfor testingthe conditionsof Junker (1993),thatshould
be adaptabldo the conditionsof Junlker andEllis (1997).A moredirectapplica-
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tion of thetheoryof orderrestrictednferenceo testingCA andrelatedconditions
is givenby BartolucciandForcina(in press).

SijtsmaandVan der Ark (this volume)discussprogresson several problems
relatedto the lack of SOL (1.7) in orderedpolytomousIRT modelsandto the
sensitvity andspecificityof themanifestmonotonicitycondition(1.6) for detect-
ing (violationsof) the monotonenomogeneitynodel.Oneof the strengthof the
nonparametri@pproachto dichotomoudRT is thatit usuallyassuress, under
very generalcircumstancesthat simple summarief the dataare informative
aboutinferenceswe wish to make, yet the currentevidencesuggestshat there
arenosuchsimplesummariegor inferencesaboutorderedpolytomousdata.Un-
derstandingheimpactthatthis hason nonparametripolytomousiRT modeling
will surelyentailfacingandsolving the problemsthat Sijtsmaand Van der Ark
discuss.

Finally, someof themachinerydevelopedo characterizenonotonéhomogene-
ity modelsseemseadyto applyto commormodificationsof thisbasicmodel.For
example,conditionalassociatior(1.4) is basicallyan extremesharpeningf the
well-known factthatinter-item correlationsaarenonngative undermonotoneho-
mogeneityPost(1992;Post& Snijders,1993)hasestablished similarfactabout
aclassof nonparametriprobabilisticunfoldingmodelstheinter-itemcorrelation
matrix hasa bandof positive correlationsnearthe main diagonal,borderedby
bandsof negative correlationsls therea sharpeningf the Postresultanalogous
to conditionalassociation®ould this be combinedwith the VCD condition of
(1.5) to producea characterizatiof Posts models?Could sucha resultfollow
from a“folding” of the monotonehomogeneitynodelto producenonparametric
unfolding models,alongthe lines of Verhelstand Verstralen(1993) or Andrich
(1996)?In anotherdirection,muchof the work in Ellis and Junler (1997)and
JunlerandEllis (1997)doesnotdependonthelatentvariabled beingunidimen-
sional. Junler and Ellis (1997)for examplepoint out that their item-step“true
scores"P[X; > ¢|7(X)] shouldform a manifold of the samedimensionasthe
underlyinglatentvariabled. A characterizationheoremmay againresult,if a
wealeningof conditionalassociatiorto accommodatenultidimensionab could
be developed.Suchtheoremshelpto distinguishamongmonotonehomogeneity
models probabilisticunfoldingmodels andmultidimensionahonparametri¢dRT
modelsonthebasisof obsenabledata.

3 ParametridRT: ModelingDependence

ParametriclRT, as surweyed for examplein the editedvolumesof Fischerand
Molenaar(1995)andVanderLindenandHambletorn(1997),is awell-established,
wildly successfubtatisticalmodelingenterprise A basicandfamiliar modelin
this areais the “two-parametetogistic”, or 2PL, modelfor dichotomoustem
respons&ariableqe.g.,Chapterl of VanderLinden& Hambleton]1997),given
by the monotonenomogeneityassumptiongn Section2 andthe assumptiorof a
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logistic form for theitem responséunctions,P[ X,,; = 1| 6,, a;, 8;] = 1/{1 +
exp(—a;[8y, — B;]) }, describinghedichotomousesponsef examineesS,, to item
I;. The“discrimination” parametety; controlstherateof increaseof this logistic
curve, andis directly relatedto the Fisherinformationfor estimatingd,,, andthe
“difficulty” parameteg; isthelocationonthe8, scaleatwhichthisinformationis
maximal;notealsothatatf, = 3;, P[X.; = 1] = 1/2. The3PL (three-parameter
logistic) modelextendsthe 2PL modelby addinga non-zerdower asymptoteo
eachitem responsdunction;on the otherhandthe Raschor 1PL (one-parameter
logistic) modelis arestrictionof the2PL modelobtainedby settinga; identically
equalto someconstantusuallyl.

SuchparametridRT models extendedby hierarchicalmixture/Bayesiamod-
eling and estimationstratgies, make it possiblein principle andin practiceto
incorporatecovariatesandotherstructure Many violationsof the basiclocal in-
dependencassumptiomf IRT modelsarein factdueto unmodeledeterogeneity
of subjectsanditems,that cannow be explicitly modeledusingthesemethods.
Thesemodelshave greatlyextendedthe dataanalyticreachof psychometricians,
socialscientistsandeducationameasuremergpecialists.

Themainpurposeof this sectionis to introducea generaimodelingframevork
and highlight a few developmentsan parametriclRT, someold and somenew,
thatwill berelevantto my discussiorof applyingIRT andrelatedmodelsto cog-
nitive assessmergroblemsin Section4 belonv. My summaryof parametridRT
will beevenlesscompleterelative to the vastparametridRT literature,thanmy
summaryof nonparametri¢RT.

3.1 Two-Way Hierarchical Structue

The estimationof group effects and the use of examineeand item covariates
in estimatingitem parameterglays an importantrole in the analysisof large
multi-site educationabssessmentsuchas the National Assessmendf Educa-
tional ProgresgNAEP; e.g.,Algina, 1992;JohnsonMislevy andThomas 1994;
and Zwick 1992). Theseefforts, which go back at leastto Mislevy (1985;see
alsoMislevy & Sheehan]989)canberecognizedistheweddingof hierarchical
linearor multi-level modelingmethodologywith standardlichotomousandpoly-
tomousIRT models.The generaimodelis a two-way hierarchicalstructurefor n
individualsandk response&ariablesasin Tablel.1,whereP(8,;~;) is thelIRF,
dependingon personparameterd,, anditem parametersy; (e.g9.,7v; = (o, 5i)
in the2PL modelabove), andwhereindependencis assumedbetween’s condi-
tionalon@, atthefirstlevel andbetweenv’s atthesecondevel. Termsin thefirst
level, for example,are multiplied togetherto producethe usualjoint likelihood
for then x k itemresponsenatrix [X.,;]; the secondandthird levelscanbeused
to imposeconstrainton thefirst level parameterandlatentvariable,to deduce
whatintegrationsareneededor mamginal likelihoodapproachestc. Ay and A,
represensetsof hyperparametenseededo specifythesepersondistributions £,
anditem distributions g;, with hyperpriordistributions¢; and¢,, respectiely.
Themodelin Tablel.1is expressedor dichotomoustems,for simplicity of ex-
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Firstievel:  Xoi ~ P(Bui7) ™ [1 = P(8u; 7)) %),
v=1,...,n;i=1,...,k

Secondevel: 8, ~ f,(8]As), eachv
vi ~ gi(7|Ag), eachi

Third level: Ay~ dr(Ayp)
Ay~ dg(Ay)

TABLE 1.1.two-way hierarchicaktructurefor n individualsandk dichotomousesponse
variables.

position,but caneasily be generalizedo polytomousitems,or combinationsof
item types(seefor examplePatz & Junler, 1999a;1999b).It is alsousualto as-
sumefor f,(#) asinglelatenttrait distribution notdependingn v, andsimilarly
for g;.

We may relax theseassumptiondy allowing the distributions f,(-) of € to
depencdhierarchicallyon examineecovariatesto modelpopulatiorheterogeneity
asin the multi-group IRT modelsof Mislevy (1985)and Bock and Zimowski
(1997),0or to reflecthierarchicalinear structureasin Fox and Glas (1998).We
may alsoelaboratey;(-), for exampleby building linear structureinto the item
parameterd-or examplein the 2PL model,wherey; = (a;, 5;), we might take

(B Bo o B B ) =Q(%r 2 -+ ¥m ), (1.8)

where( is anappropriatedesignmatrix of full columnrank,to reflectcommon
sourceq,’s) of item difficulty (3;'s) acrosstems. In the caseof Rasch(1PL)
IRF’s, thisis thelinearlogistic testmodel(LLTM; Scheiblechnel972;Fischer
1973).This modelandits variousgeneralizationge.g.,Glas& Verhelst,1989;
Patz & Junler, 1999b)continuegto be usedfor psychologicalkexperimentswith
multiple outcomesper subject(e.g., Fischerand Molenaar 1995 and the refer
encegherein)andfor researchin cognitively-motivatedtestdesign(Embretson,
1995;1999). Thereis no reasonto restrictattentionto the 8’s, and for exam-
ple Embretson(1999) hasexploreda similar decompositiorof the a’s in a 2PL
model.

Thesegeneralizationsf thebasiclRT modelbothsimplify andunify paramet-
ric approacheso mary thorry testanalysisquestionsincludingdifferentialitem
functioninganditem parametedrift, nonequvalentgroupsandverticalequating,
two-stagetestingand matrix-samplededucationabssessmerguney work, etc.
The computerprogramsConQues{Wu, Adams,& Wilson, 1997)andBILOG-
MG (Zimowski, Muraki, Mislevy & Bock, 1997) provide fairly generalE-M
basedsolutionswhentheunderlyinglRT modelis the 1PL (ConQuest)or 2PL or
3PL (BILOG-MG). Fox andGlas(1998)andPatzandJunler(1999a;1999b)give
two differentMarkov chain Monte Carlo (MCMC) approacheso the problem.
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Generalizationio polytomoudtems,facets-style@atedresponsenodels,andmix-
turesof item typesare conceptuallyandoften computationallystraightforward;
seefor exampleGlasandVerhelst(1989)andPatzandJunker (1999a;1999b).

3.2 SomeaviultidimensionaModels

Researclin multidimensionalRT modelshasconcentrate@n additive andcon-
junctive combinationsof multiple traitsto produceprobabilitiesof responseAd-
ditive models known ascompensatorynodelsin muchof the literature,replace
the unidimensionalatenttrait # with anitem-specificknown (e.g.,Stegelmann,
1983; Embretson,1991; Keldermanand Rijkes, 1994; and Adams, Wilson, &
Wang,1997)or unknown (e.g.,Reckase]1985;Wilson, Wood,& Gibbons,1983;
Frase& MacDonald1988;Muraki & Carlson,1995)linearcombinatiorof com-
ponentsy;; 81 + - - - + a;484 Of ad-dimensionalatenttrait vector, for examplein
the dichotomousesponseaseP[X,; = 1|60y1,...,0p4] = P(aibyn +--- +
a;gfyq — Bi), whereP(-) mightbethelogistic or probitresponséunctionfor ex-
ample.BéguinandGlas(1998)suney the areawell (seealsoseveral contributed
chaptersn VanderLinden& Hamilton,1997)andgive anMCMC algorithmfor
estimatingthesemodels;Gibbonsand Hedeler (1997) pursuerelateddevelop-
mentsin biostatisticalndpsychiatricapplications.

Conjunctize modelsareoftenreferredto asnoncompensatorgr componential
modelsin the literature. Thesemodels(e.g., Embretson1997) combineunidi-
mensionamodelsfor component®f responsenultiplicatively, sothat P[X,; =
116p1,---,00a] = Hle P;y(0,¢) wherePy(6,¢) are parametriaunidimensional
dichotomougesponséunctions.Theusualinterpretationis thatthe Py (8,¢) rep-
resentskills or subtasksall of which mustbe performedcorrectlyin orderto
generate correctresponseo theitem itself. JanssemndDe Boeck(1997)give
arecentapplication.

Compensatongtructuresare attractve becausef their conceptuakimilarity
to factoranalysismodels.They have beenvery successfuln aiding the under
standingof how studentresponsegan be sensitve to major contentand skill
component®f items,andin aiding paralleltestconstructiorwhenthe underly-
ing responsdehaior is multidimensionale.g.,Ackerman,1994).Noncompen
satorymodelsarelargely motivatedfrom a desireto modelcognitive aspectf
item responsea topic to which we will returnin Section4. Embretson(1997)
alsoreviews blendsof thesetwo approachesgher generalcomponentatenttrait
models;GLTM).

3.3 ModelsThatAccommodat&xtra Behaviorl Featuresof
Assessment
In additionto providing a way to modeldependencef item responsesn spe-

cific examineeand item covariates,the hierarchicalor multi-level approachto
IRT alsoallows usto modelextra behaioral featuresof assessmenthis largely
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unexploredareais worth further study sincethesefeaturescan affect both the
certaintywith which we make inferencedrom assessmermtataandthe kinds of
inferenceswe make; currentmodelsand methodslargely relegatethemto the
“error distribution” of themodel.

Oneexampleof this sort of work involvesrecentefforts to more elaborately
modelthe behaior of ratersin rateditem responsedata. When only one rater
rateseachitem, it may be sufficient to treateachrating as a different, locally
independenpseudo-item—sthatthefirst level in Table1.1 containsonefactor
for eachrater x item x examineecombination—ando modelthe rater effect
asallinearinfluenceon theitem’s difficulty parameteg;. Mathematicallythisis
equialentto the LLTM modelsketchedabove, but it hascometo be known in
this settingasthe“Facetsmodel” (e.g.,Linacre,1989;Engelhard1994).

For both formative and summatve evaluationof raters,a numberof multiple-
readrating designsare nov commonplacgWilson & Hoskens,1999), includ-
ing designswith asmary assix ratersperitem (e.g., Sykes& Heidorn,1999).
Thuseachexaminegperformancés measuredeveralcorrelatedut fallible times.
JunlerandPatz (1998)shavedthatthe usualFacetsmodelformulationin which
thelikelihoodis the productof LLTM-style factorsfor eachrating of eachitem,
accumulatesnformationaboutf too optimistically so that evenwith only one
item responsein the limit asthe numberof ratersgrows, the standarcerror for
estimatingor predictingd apparentlygoesto zero,contradictingthe notion (e.qg.,
Junler, 1993)thatthenumberof itemsshouldtendto infinity in orderto makethe
errorof estimatiorof § vanishinglysmall.Insteadmodelsareneededhatappro-
priatelyaccumulaténformationfrom multiple ratingsto thesingleitem response
beingrated,andthenaccumulaténformationacrosstemresponsew learnabout
0 itself.

Wilson andHoskens’ (1999) raterbundle model (RBM) attacksthis problem
by replacingthe Facetsproductacrossratersfor eachitem in level one of Ta-
ble 1.1 with a log-linearmodelthat modelsthe dependencéetweenratings of
theitem, conditionalon 6. Their approactseemsvery usefulfor, e.g.,modeling
“table effects” andotherraterdependencphenomenthatfollow whenratersare
allowed or encouragedo discussratingsamongsthemselesto increaserating
quality andinter-raterreliability.

Patz, Junlker and Johnsors (1999) hierarchicalrater model (HRM) provides
analternatve approaclthat positsa “latent rating” £,; (not unlike Maris’, 1995,
notionof latentresponseslsonotethe connectiorwith dataaugmentatiometh-
odsin Bayesiarcomputationg.g.,Tanner 1996)thatfollows a corventionallRT
model,suchasP[¢,; = 1|8y, o, 3] = 1/{1 + exp(—a;[8, — B:])} (or a poly-
tomousvariant),anda “signal detectionmodel” for eachraterr ratingthatitem
responseuchas P[X i, = 1|&,i] = pi% pio=**, wherepi:, is the probability
that raterr ratesa responsewith latentrating&,; = 1 asa 0, and pyo, is the
probability that raterr ratesa responsewith latentratingé,; = 0 asa 1. The
factorsP[X,;» = 1|&,;] now appearat level oneof the hierarchyin Table1.1,
andthe factorsP[¢,; = 1|6,,a;, ;] form a new level betweenlevels one and
two of Table1.1. This producesa modelthatbehaes,for multiple discreterat-
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ings,muchasa standardyeneralizabilittheorymodelwould behae for multiple

continuougatings(seeVerhelst& Verstralenthis volume,for a similar develop-
ment).In additionto providing anappropriatevay to combineinformationfrom

multiple ratersto learnaboutstudentperformancethe HRM makespossiblecal-

ibrationandmonitoringof individual raterbehaioral effectssuchas,in thecase
of polytomousresponsesaterseverity andraterprecision.

3.4 SomeCurrentQuestions

Almost ary assessmemhenomenon—frorbetween-gamineedependencdue
to institutionalor sociologicalfactors to behaioral aspect®f ratersto theanal-
ysis of item responseénto requisiteexamineeskills or item features—carbe
expressedn the hierarchicalmixture/Bayeanodelingframavork, becausef its

conceptuakimplicity. Recentadvancesn computationandMCMC methodsn

particular have madeit possibleto estimatea vastlywider variety of thesemod-
els thanwould have beenimaginableeven ten yearsago. Questionanotivating

this work inevitably involve identifying phenomenghatareworth detailedpara-
metric modeling,and seeingif the computationaimachinerycan be pushedto

estimateamodelsof thesephenomenakecentexamplesncludemultidimensional
(Gibbons& Hedeler, 1992)andhierarchical(Bradlov, Wainer & Wang,1999)
modelingof testletsplendinglRT andhierarchicalinearmodels andbehaioral

modelssuchastheratermodelsdescribedabore.

Speedingup the computationsith approximationgincluding formal andin-
formal applicationof Laplaces methodsuchasRigdon& Tsutakava, 1983and
Kass,Tiernegy, & Kadane1990;blendsof Monte CarloandE-M approachesas
suneyedin Tanner1996;andvariationalmethodse.g.,Jaaklola& Jordan,1999)
continuedto be an essentiabndfruitful avenueof researchAn avenuethat has
not beenexploredasmuchin IRT work is choosingmodelsfor which sufficient
statisticaaresimpleandinterpretableThemostfamiliar“basicmodel” of thissort
is of coursethe Raschmodel,but aswe shallseein the next sectionsomecurrent
cognitively-motivatedmeasuremerdroblemsmayrequirea new “basic model”.

4 Measurementhallenge$osedy Cognitve and
Embeddedssessments

In recentyears,as cognitive theoriesof learningand instructionhave become
richer, and computationaimethodsand machineryto supportassessmertiave
becomemorepowerful, therehasbeenincreasingoressurdo make assessments
truly criterion referencedthatis, to “report” on studentachiezementrelative to
theory-drivenlists of examineeskills, beliefsandothercognitive featuresmeeded
to performtasksin a particularassessmerdomain. For example Baxter and
Glaser(1998)andNichols and Sugrue(1999) presentcompellingcaseghat as-
sessingxamineestognitive characteristiceanandshouldbethefocusof assess-
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mentdesign.In a similar vein, ResnickandResnick(1992) adwcatestandards-
referencear criterion-referencedssessmertoselytied to curriculum,asaway
to inform instructionandenhancestudentearning.

Appropriatecriterion-referencetkestingcanalsobe an effective teachingtool
when embeddedlirectly in teachingpractice.Indeedthereis substantialrgu-
mentand evidence,as summarizedor exampleby Bloom (1984),that part of
what distinguisheshigher studentachievementin “masterylearning” and indi-
vidualizedtutoring settingsasopposedo the corventionalclassroomis the use
of frequentandrelatively unobtrusve formative testscoupledwith feedbackfor
the studentsand correctie interventionsby the instructor andfollow-up teststo
determinenow muchtheinterventionshelped.This approactcontinueso bead-
vocatedaspartof anaturalandeffective apprenticeshiptyleof humarninstruction
(e.g.,Gardner1992),andit is the basisof mary computetbasedntelligenttu-
toring systemqITS'’s, e.g.,Anderson,1993;and more broadly Shute& Psotka,
1996).Heretoo, a decompositiorof assessmelitemsinto appropriatecognitive
attributesis important: feedbackand/orcorrective actionin a masteryclassor
from an ITS dependon knowing which cognitive attributesthe examineehas
andhasnot mastered.

Cognitive assessmemhodelsmustgenerallydealwith a more complex goal
thanlinearly orderingexamineesgr partially orderingthemin alow-dimensional
Euclideanspacewhichis whatIRT hasbeendesignedcandoptimizedto do. The
goal of cognitive assessmertanbe thoughtof producing,for eachexaminee a
checklistof skills or othercognitive attributesthatthe examineemay or may not
possesdasedntheevidenceof tasksperformedoy theexaminee Thechecklist
of cognitive featuresn a cognitive assessmenmenerallycomesfrom ananalysis
of thecognitive attributesneededo successfullyperformeachtaskin adomainof
interestFor a particularsetof tasks this analysiscanbeencodedn anincidence
matrix, the@-matrix (e.g., Tatsuoka1990),whichwe will write asak x d matrix
Q = [Q4] of 0’'sandl’swith entries

1, if attribute? is requiredby taski
Qi { quirecby taski 1.9)

0, if not

While the @-matrix doesnot captureall of the structurewe may be interested
in (@ treatsthe skills in aflat, non-time-ordereananneyandtheremay be both
hierarchicalandtime-orderstructurein the skills asthey areappliedto a task),it
is ausefulbookkeepingdevice.

Many attemptge.g.,assuneyedby Roussos1994)to blendIRT andcognitive
measuremerdre basedon a linear decompositiorof item parametersasin the
LLTM, or on a linear decompositiorof the latenttrait §, asin the multidimen-
sionalcompensatoryRT models.CompensatoryRT models]ik e factoranalysis
models,canbe sensitve to relatively large component®f variationin examinee
ability or propensityto answeritemscorrectly LLTM-style modelscanbe sen-
sitive to finer component®f variationamongitemsbut arenot at all sensitve to
component®f variationamongexamineesNoncompensatorgpproachesge.g.,
Embretson,1997)areintendedto be sensitve to finer variationsamongexami-
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neesjn situationan which severalcognitive componentsrerequiredsimultane-
ously for successfutask performanceOf course whethercognitive assessment
dataactuallysupportanodelsthattrackthisfinerlevel of variationis anempirical
matter

4.1 ThreeApproadesto Cognitive Assessment

To illustratethe differencedetweertraditionalIRT approacheandcognitively-

motivatedapproachet assessmentiye considertwo publishedmodelsintended
to dealwith essentiallythe samedata:taskperformancdy studentdearningthe
LISP programmindanguageaisingoneof thecomputetasedntelligenttutoring

systemsdevelopedby JohnR. Andersonand his colleaguesat Carngjie Mel-

lon University (e.g.,Anderson,Corbett,Koedinger & Pelletier 1995). The first

modelis the assessmennodel actually embeddedn the tutoring software, as
describedy Corbett,AndersonandO’Brien (1995);the seconds anIRT-based
modelfor essentiallthe samedata,aspresentedy Drangy, Pirolli andWilson

(1995). Thenwe considera third modelto illustrate that, althoughthe model-
ing traditionsin IRT arenot muchlike thosein cognitive assessmemhodeling,
the fundamentatechniquesaand conceptdrom IRT modelingare quite usefulin

cognitive assessment.

The Corbett/Anderson/O’Briemodel

The “knowledgetracingmodel” embeddedn the LISP tutor software (Corbett,
Anderson& O’Brien, 1995)treatssuccessfuperformanceof ataskattimet, ¢
=1,2,3,...,asanuncertainndicatorof possessionf the necessarunderlying
skills attime ¢, accordingo the model

P[Xyi(t) =1] = Pl&i(t) = (1 —s) + (1 = P§i(t) = 1])g,  (1.10)

whereX,;(t) = 1 or0indicatesvhetherexamineeS, performedaskl; correctly
attimet, &,;(t) = 1 or O indicateswhetherexamineeS, possessetherequisite
skills for task; attime ¢, andparameters andg in (1.10)areuniversal“slip-
ping” and “guessing”probabilitiesthat accommodateincertaintyin predicting
taskperformanceX,;(¢) from &,;(t). P[&yi(t) = 1] follows a simpleconjunctive
model(thoughmorecomplex expressionglongthelinesof Mislevy, 1996,could
beimagined):

P fvz - 1 - avl > Qzl] (111)

||’:]&

with latentvariablesa,¢(t) = 1 or 0, |nd|cat|ngwhetheror not studentS, pos-
sesseskill £ attimet,t=1,2,3,... Entriesof aQ-matrix, Q;¢, indicatewhether
skill £is neededor taski, andskills combineconjunctvely to predicttaskperfor
mance.lt is worth notingthatthe £,;(¢)’s [or the a,¢(t)’s] canbe interpretedcas
playingtherole of Maris’s (1995)latentresponse@hey canalsobeinterpretedn
termsof themethodof dataaugmentatiorn Bayesiarcomputationg.g., Tanner
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1996).Given currentestimatesof Pla,.(t) > Qs¢], the tutor canboth identify
which skills needadditionalpractice,and selectitems of suitabledifficulty that
exercisethoseskills, to assignto the studentnext.

Corbettet al. were particularly interestedin how to gatherevidenceabout
Pla,(t)] asthe numberof opportunitiest to apply rule £ increases—i.ethey
areinterestedn modelinglearning.To accountor theorderin which correctand
incorrectactionsare obsered whenskill £ is calledfor, they treateacha,,.(t)
asa two-statehiddenMarkov chainin ¢, with an absorbingstateat a,,(t) = 1,
with correspondingbsenableevidencea,¢(t) = 1 or 0 thatthe correctaction
wasperformedwhenskill £ wascalledfor. For brevity, denotew = Pla,(t) =
1| @ye(t — 1) = 0], let “aq¢(t)” standfor “a,.(t) = 1" and“a,.(t)” standfor
“aue(t) = 07, andsimilarly for a,¢(t) anda,.(t), in whatfollows. They apply
the Law of Total ProbabilityandBayes’Ruleto relatethe obserabledatato the
hiddenMarkov states:

Plowe(®) | ave(®)] = Plaw(t —1) | ave(?) ]
+ (1= Plaw(t-1)]aw®])w
Plowe(®) | ave(®)] = Plaw(t —1) | awe(?) ]
+ (1= Plaw(t —1) | Gw@®)])w
Play(t—1)|aw®)] = {(1-s)Plaw(t-1)]} (1.12)

/{1 = 8)Play(t—1)]
+ gP[ay(t—1)]}

Playe(t = 1) | @e(t)] = {sPlave(t —1)]}/ {sP[awe(t —1)]
+ (1 —g) Plaw(t—1) ]}

Givena-priori fixedvaluesof w, s, g, andaprobabilitypy thateachskill isin the
learnedstatebeforethe tutoring begins, we may substitutepy for Play.(t — 1)]
whent = 1, andthe above formulasgive an algorithmfor recursvely updating
Pla(t)] onthebasisof theobsenedsequencef correctandincorrectactionsin
thefirst¢ opportunitiego applyrule £. Thisis a particularlysimpleandfastcom-
putationalmethod capableof updatingthetutor’s modelof the students skills in
realtime asthe studentworkswith thetutor.

It is interestingto notethatin orderto producea well-fitting model,Corbettet
al. hadto allow theprobabilitiesw, s, g, andthe probabilityp, thateachskill was
alreadyin thelearnedstatebeforethe tutoringbegan,to be perturbedlifferently
from overallpopulatiorvaluesfor eachstudentsS,, ; effectively, they allowedthese
parameter$o becomerandomeffects. Thus,in additionto the individual differ-
encedn skills acquisitionthatthe modelhadbeendesignedo detect therewere
substantiaindividual differencedn startingknowledgeof the studentsjn ten-
deng to slip or guessandin therateof learning,underthis model.

The Drangy/Pirolli/Wilsonmodel

Drangy, Pirolli andWilson (1995)developan LLTM-style modelto analyzees-
sentiallythe samedata.Themodelthey considebeginswith anindicatora.,;¢(t)
= 1if studentS, performscorrectlywhenthetth opportunityto useskill £ occurs,
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underconditioni; anda,(t) = 0 otherwiseTheseu,;;(t) differ from Corbettet
al’sa,¢(t) only in thatthetaskthatprovidesa context for performingthe skill is
allowedto affect the difficulty of correctskill performanceln the Draney et al.
model,the “skill responséunctions”aregivenby

1
~ 1+exp(—b, + 7 + 6 — ylog(t))”

This modelessentiallydecomposethedifficulty parametegf in theRaschmodel
accordingo a) matrix,asin equationg1.8)and(1.9),in termsof parameterfor
task,t;, skill, ¢, andslopeof thelearningcurve,~. Thelogarithmicdependence
ont isintendedo follow thedevelopmenbf Anderson(1993,Appendixto Chap-
ter 3). Also, if the decompositiorof tasksinto skills is complete,andthe skills
are of a suitablegranularity Anderson$ ACT-R theory predictsthat skill “per-
formances'will beapproximatelyindependendf oneanotheygiventherelevant
difficulty andstudentparametersThisis essentiallya statemenof localindepen-
dencegsothatthe“skill responséunctions”above maybe multiplied togetherin
theusualwayto form anIRT likelihood.

It is interestingto comparethe two modelingapproached-or example,for a
datasetsimilarto thatanalyzedy Draney etal., theassessmemodelof Corbett
etal. (p. 32; seealsoDrangy etal., p. 115)would emplgy essentiallyfour contin-
uouslatentvariables,and33 dichotomoudatentattribute indicators per student
tested—in additionto 132 parameterso characterizdeaturesof the skills being
assessedrang et al. provided equivalentor betterfit to learningcurves,em-
ploying onecontinuoudatentvariableper studenttested(Draney etal., p. 109),
and 36 parametergor the skills beingtested(op. cit., p. 115). Thus, if the goal
is to modellearningcurves,clearlythe morecomplex Corbettet al. modelis not
needed.

However, the usesto which the two modelscan be put, and the substantie
interpretation®f estimategarameteri thetwo models,arevery different.The
Corbettet al. modelis immediatelyusefulfor diagnosingndividual differences
in studentaskperformancdehaior by relatingit directly to specificskills in the
taskdecompositiof theirtaskdomain but canonly indirectly assesthevalidity
andreliability of thetasksin theassessmenthroughfit to learningcurvesor other
summarie®f studentaskperformance.

The Drang etal. modelis notimmediatelyusefulfor studentdiagnosissince
its studenfparameteis one-dimensionalfter fitting themodel,Draney etal. go
backandrank studentdbasedon (empiricalBayes)estimated's (in the context
of learningcurvesanalysisthe#’s essentiallycodestudentsinitial facility in the
taskdomainprior to tutoring, muchastherandomeffect versionof py doesin the
Corbettet al. model),andcompareestimatedskill performancaifficultiesto the
students'aggreyated distribution; seefor exampletheir Figure5.1,p. 112.Such
displaysallow usto predictwhichskills a“typical” studentwith somefixedvalue
of 8 might be expectedto performcorrectly andarevery usefulcommunication
devices.However, detailedcognitive diagnosisof individual studentson the ba-
sis of the #’s is not possible without a post-hocanalysisof somesort. Indeed,

P[avi[(t) =1 | 01}77—1'75[77]
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for assessingvhetherindividual studentshave learnedparticularskills, Draney

et al. replacethe IRT modelwith a Bayesianinferencenetwork thatis focused
on inferring the probability that an individual haslearnedeachskill, using pri-

orsconstructedrom thefitted IRT modelandnew datafrom furtherattemptsto

performtheskill(s).

The utility of the Dranegy et al. IRT modelfor analyzingimportanttask per
formancefeaturesand aggrgyateexamineebehaiors, shouldnot be minimized
however. For example Junlker, KoedingelandTrottini (2000)areusingessentially
thesamemodelingframenork to developa semi-automatistepwisevariablecon-
struction/modeselectionprocedurewith the goal of identifying skills thatwere
eithertoo narrownly or too broadlydefinedin acognitivetutor (theseresultin styl-
izeddeviations,or “blips” from thetheoreticallypredictedearningcurvesfor the
skills). In a similar vein, Huguenardet al. (1997;seealsoPatz et al., 1996)ap-
plied a polytomousversionof the LLTM to studythe relationshipbetweentask
featuresandworkingmemoryload,usingtheRT 8 parameteto soakupresidual
between-subjectgariation not modeledby experimentaland working memory
factors.

An IRT-like cognitive assessmemhodel

As the precedingexample makes cleat traditional parametriclRT approaches
may not be well suitedto individual assessmeriasksin computerbasedintel-
ligenttutoringsystemsThe samessuesanalsoarisein standalon@ssessments
thataredesignedo assespresencer absencef specificskills—ratherthanto
sortexamineeslongalinearscale—basedn performancen afixedsetof tasks
givenasastandalongest.

To illustrate this we considera modified versionof the assessmemnhodel of
Corbett, Andersonand O’Brien (1995). We omit the hidden-Marlov learning
modelandassumehatexamineebehaior is only obsenedat the tasklevel, not
theskill level. Thenew model,whosecompomentairesummarizedn Tablel1.2,
canalsobe connectedo multidimensionahoncompensatorfRT models,since
it is interpretableasa simplified versionof Embretsors (1997)multicomponent
latenttrait (MLTM) model.A related,moregeneralclassof modelsis the class
of probabilitymatrix decompositiomodels(Maris, De Boeck,& VanMechelen,
1996).

Thegoalis to try to estimatethea,¢’s, or morepreciselyP[a,, = 1], from the
task performancedata.Our basicresponsenodel[level onein the hierarchyof
Tablel.1]is

PXyi=1l¢,8,9] = &i(l—s)+(1—&)gi = (1—s:)tig; ",
andsofor theentireexamineedy tasksmatrix [X,,;] of taskresponses,
P[Xm = Zyi, V’U,i | éasag]
£ 1€ |5 £oi 1—Ei 1T
= ILIL [ = s)eigi =5 [1 = (1 = sp)teig} 6] (113)
. 1 —Zy; Eui vi 11 —&4i
= T TL [(1 = sa)®s; 7™ [gf (1 — ga)' ~]



1. Nonparametri@andParametridRT, andtheFuture 17

X, = 1lor0 indicating whether or not students,
performedask/; correctly

Qi = 1or0 indicating whether or not task I; re-
quiresskill £

a, = 1lor0 indicating whether or not student.s,
possesseskill £

§vi = Il ;=1 e  indicatingwhetheror notstudentS, has

theskills neededor taskl;
si = P[X,;=0|§;=1] aperproblemslip parameter
gi = P[X,;=1|&:;=0] aperproblemguessingarameter

TABLE 1.2. Component®f a simple cognitive assessmenhodelfor a stand-alongest,
with datacollectedat thetasklevel (X,;) ratherthanattheskill level (cy.).

To seehow estimatiorof the parameterdepend®nthedata,it is instructiveto
setup thefirst stageof anestimatioralgorithmfor the model.In particulay let's
assumehatprior distributionshave beenchoserjfor levelstwo andthreein thehi-
erarchyin Tablel.1],sothats; ~ ms(8;), gi ~ 4 (gi), Ctwe ~ w5t (L —mg)t e,
andperhapsr; ~ 7 (m¢). Theseprior distributionswill beusedas“placeholders”
in the notationbelow; their particularform will notaffect our conclusionsn ary
substantialvay. We will calculatethe so-called‘completeconditional” distribu-
tions (e.g.,Gelman,Carlin, Stern,& Rubin, 1995) of eachparametergiventhe
dataandtherestof the parametersSucha calculationis directly usefulin setting
up an MCMC algorithmfor Bayesianestimationof the modelparameterge.g.,
Patz & Junler, 1999a;1999b),andis alsousefulin someversionsof the E-M
algorithm,suchasECME (e.g.,Liu & Rubin, 1998).However, evenwhenE-M
is “possible” for a modellike (1.13),it neednot be practical,due to the need
to sumover all configurationf the latenta vector(seeequationl.14 below).
For casesn which relatively few a's carry mostof the latenttrait distribution,
MCMC canbeamoreefficient—albeitapproximate—wayto estimatehemodel.
This phenomenormasbeenfoundin othermodelswith comple discretelatent
structureaswell (e.g.,Seltman,1999;Snijders& Nowicki, 1997;andTer Hofst-
ede,Steenkamp& Wedel,1999).

As usualin settingup an MCMC calculation,we notethatthe completecon-
ditional distribution for eachparameteor latentvariableis proportionalto the
productof only thoselik elihoodandprior factorsin Table1.1 dependingon that
parameterThuswe obtainfor example
L(A=0i )€

p(silres) o (1— ;)2 £sz s (53),

Tvi(1—8vi) — 20 (1 —£0;
ploilres) o g2 (1= g) 22 1708 (),
i =1,...,k, where‘rest” standdor thedataandtherestof the parameteri the
model.Fromtheseit is easyto seetheintuitively plausiblefactsthatthattheslip
parametes; is sensitve only to successesndfailuresof thoseexamineess, who
we hypothesizgthroughthe valuesof &,; uponwhich we have conditioned)do
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have therequisiteskills to performtask;, andsimilarly the guessingparameter
g; is sensitve only to successeandfailuresof examineesvhowe hypothesizelo
not have therequisiteskills.

More centralto the goal of assessingxamineesye seethatthe completecon-
ditional distributionsfor «,, areof theform:

playe|resd
—£)

(
x H [(1— s;) s%‘ww‘] ol

i Qip=1

(1 - gyt

i
X Otue (1 _ ,n.l)l_a'ul,

Wheref( b — =1] MALQ; =1 Yvm which indicatespresencef all skills needed
for taski, exceptfor skill ¢. From thesecompleteconditionalswe canseethat
Whenffn. l) = 1, thesuggestedonditionalmodelfor a.,; is somesortof Bernoulli,
which makessenseAlso, whenthereare no taskssuchthatboth@;, = 1 and
f( 9 = = 1, thena,, is sensitve only to its prior distribution wg¢ (1 —m¢)! ~*»¢: no

learningfrom dataoccurs.This obsenationis really aversionof the credit/blame
assignmenproblem(e.g.,VanLehn& Niu, in press)we cannotinfer whethera, ¢

waslearned,f we arehypothesizinghatanothemeededskill is still unlearned.
Roughly theremustbeinformationin the task performancedatato allow usto

assigneredit(whenataskis performedcorrectly)or blame(whenit is performed
incorrectly)to every cognitive attribute relatedto thetask.

Thereareessentiallytwo waysto avoid thecredit/blameroblem.In somesitu-
ations skills canbescoredlirectly;thisis possibldor examplewithin Andersons
ITS's for LISP, algebraandgeometrybecausestudentsarerequiredto success-
fully performeachsubgoal/skill,with hints andrepeatedattemptsif necessary
beforemoving onthe next subgoaln thetask(e.g.Embretson1997,pp. 309f.).
If onecannotscorethetaskssubgoaby subgoalpnecantry to designtheassess-
ment(by handor usingmethodsrom traditionalstatisticalexperimentadesign)
sothatthetasks takentogetherthetaskperformancealatainformsusabouteach
skill. VanLehn,Niu, Siler, and Gertner(1998)illustrate the inferential difficul-
tiesthatcanresultwhenitem setsarenot constructedvith the goal of designing
aroundthe credit/blameproblem.

Finally if we wantto estimatethe skill baseratesn, in the population(a mea-
sure of skill difficulty) we may include a fourth set of completeconditionals
p(melresh oc mp* (1 — 7e)N ¢t w(m), wherec, = > Qwe IS the numberof stu-
dentswho arepresentlyestimatedo have skill £.

4.2 A Rolefor NonpaametriclRT Methods?

Suchmodelsas (1.13) may seemvery far removed from the settingin which
nonparametritRT methodsarefamiliar. | wantto suggesseveralwaysin which
they arenotsofarremoved.
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First,supposehattheskill variablesx,, varyindependentlypf oneanotheiin a
populationof studentor examineesaswould beconsistentvith e.g.,Andersons
(1993)ACT-R theory andsupposehattheslip andguessingparameters; andg;
arefixed andsatisfythe plausibleinequality (1 — s;) > g;. A modelfor thetask
performancef arandomly-sampledxaminegrom thepopulationwould thenbe

PIX=z] = > [[Pi&@)® [1-P&@)]' ™ pl@)  (1.14)
[8 2NN

wherep(a) isaproductmeasur@verthespaceof binaryskillsa = (aq, . . ., ag),
andP;(¢;(a)) is themonotonégunction

Pi(&i(a)) = (1 — s;)&(@gl=6(@)

of & (a)); henceP;(¢;(ex)) is also monotonein the coordinatesy, of « (the
index v hasbeendroppedrom «,, to indicatethatwe areonly working with the
mauginal modelin whatfollows). Note the similarity of equation(1.14)to (1.2)
and(1.3).

It follows from Lemmaz2 of HollandandRosenbaun(1986)thatfor ary non-
decreasingummaryy(X) of X = (X1,...,X%), E[g(X) | ] isnon-decreasing
in eachcoordinatea, of «; this implies the SOM (StochasticOrdering of the
ManifestscoreX by the latenttrait) propertyof Hemler et al. (1997),namely
that P[X, > c| «] is non-decreasin@ eachcoordinaten; of .. Not muchis
known abouttheinverseandmoreusefulpropertySOL (seel.7) whenthelatent
“trait” is multidimensionalWe might conjecturefor examplethatP [ a; =1 |
>-iq,=1 Xi =s] would benon-decreasing s. As in corventionaldichoto-
mousIRT modelswe hopethat sucha propertyis true, becausdét meansthata
mostpowerful testof masteryof skill £ canbebasednasimpletotal of correctly-
performedasksinvolving skill £.

It alsofollows from Theorem8 of Holland and Rosenbaun(1986)that since
« is acollectionof independentpr moregenerallyassociatedandomvariables,
thecollectionof responseariablesX is alsoassociatedhatis, for any two non-
decreasingummaries (X) andg(X), thatCov (f(X), g(X)) > 0. Obtaining
CA (or asuitablegeneralizationn caseof multidimensionakx) for X is amore
difficult challenge.

An invariantitemorderingproperty suchasP;(¢; (o)) < P;(é;(ex)) uniformly
in o, will follow if weassuméor examplethatl — s;, g;, and¢;(«), arecomono-
toneas:i variesfor all a. Thisis akind of Guttmanscalingconditiononthelatent
responses;, thatsaysfor examplethat easierguessings associateavith lower
skill requirementsandvice-versa.Thus,our cognitive assessmemhodel (1.13)
providesfertile groundfor thinking aboutinvariantitem ordering,without neces-
sarily beingtied to preconceptionaboutcontinuousunidimensionalRT models.

More broadly Hoijtink andMolenaar(1997)shov how nonparametrienodel
featuresuchasconditionalassociatior{l.4) andmanifestmonotonicity(1.6) can
bedirectly relevantto assessingnodelfit in a parametriBayesiarsetting.Given
a completeandinterestingset of nonparametrienodelfeaturesfor modelslike
(1.13),asimilarapproacho modelfit maybetakenhere.
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Finally, amongmary whowork in thenonparametritRT traditionsof Mokken,
Molenaar Sijtsma,Holland, Rosenbaunandtheir colleaguesit is the sourceof
somebemusemerthatwework sohardto establishthatscoresuchasX , , which
areperfectlygoodin the Raschmodel,the moststringentof logistic IRT models,
alsosuffice to orderexamineesassessonotonicitypropertiesof theunderlying
modelfrom obsenable data,make masterydecisionstc.,in generalnonpara-
metric settings.Certainly comparisondetweenRaschand Mokken scalingare
not new (e.g., Meijer, Sijtsma,& Smid, 1990), and aspectsof both Holland’s
(1990)“Dutch identity” work andScheiblechnes (1995;seealsoJunler, 1998)
“ISOP-model”work canbe seenpartly as attemptsto formalizethe connection
betweerRaschandnonparametri¢RT methods.

| believe that the connectionis actuallyrathersimple,andis nearly obvious
from Holland’s (1990)work: The Raschmodelis a very well-behared exponen-
tial family modelwith immediatelyunderstandablsuficient statisticsfor items,
given personparametersandimmediatelyunderstandablsufiicient statisticsfor
personsgiven item parametersMuch of the work on monotonehomogeneity
modelsandtheir cousings directedat understandingusthow generallytheseun-
derstandabldyut nolongerformally sufficient, statisticsyield sensibldénferences
aboutexamineesanditems. The model(1.13) providesus with a different“ba-
sic” modelfor cognitive assessmeniy which parametergependnimmediately
understandablsummarie®f the data,asillustratedby the completeconditional
calculationsabove. We may askhow comple the relationshipbetweenthe ex-
amineeskill parametersx andthe task performancedata X canget, and still
have thesesummariede informative aboutguessingslips presencer absence
of skills, etc. We may alsoaskwhetherthis is the “right” parametricmodelon
whichto baseanonparametritheoryof cognitive assessmenfor example other
possiblemodelswe might considetinsteadof (1.13)asa startingpointfor sucha
nonparametritheoryincludetheconstrainediatentclassmodelof Haertel(1989)
andthe hybrid modelof YamamotandGitomer(1993).

In additionto theintrinsic interestof this enterprisetheresultingnonparamet-
ric theoryof cognitive assessmenmhay have somepracticalutility. The relative
easewith which the original Corbett,Andersonand O'Brien (1995) modelcan
be estimateds a consequencef both its carefultailoring to the psychological
theory andthefactthatdatacould be collectedat the skill level (samegranular
ity asthe psychologicatheory),ratherthanat the tasklevel, by the LISP tutor.
But otherassessmemettingsmaynotpermitsuchtight bindingof datacollection
designand psychologicakheory;andour discussiorof the model (1.13) shavs
thatevenrelatively minor modificationsalongtheselines canmake the inferen-
tial taskmoredifficult. EstimationprobablyrequiresE-M, MCMC, or someother
computationallyintensize method,andgreatcaremustbetakensothatevery pa-
rameteiis identifiablefrom the data.Modelsbeingproposedn the psychometric
literaturetodayto help unify thetraditionalIRT anddiscrete-cognitie-attritutes
approachesuchasthe Unified Model of DiBello, JiangandStout(in press)also
appeato requiresuchtreatmentln mary casestheestimatiormethodwhile fea-
sible,maywell betoo slow for usein real-timefeedbackaswith computetbased
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intelligent tutoring systemsand too complicatedfor teacherscoringof assess-
mentsembeddedh instruction A cleartheoryof whichfasterdatasummariegre
relevantto the cognitive inferenceave wish to make, over a wide variety of cog-
nitive assessmemhodels,would be animportantcontritution from the interface
betweemonparametriandparametri¢IRT” models.
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