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Ontheinterplaybetween
nonparametricandparametricIRT,
with somethoughtsaboutthefuture

BrianJunker
�

ABSTRACT In this chapterI review someof the importantresearchin nonpara-
metricandparametricitemresponsetheory(IRT) today, andconsidersomecurrent
measurementchallengesin educationandcognitive psychology. This leadsto as-
sessmentmodelsthatdonot look verymuchlike today’s IRT models,but for which
the toolsandconceptualframework of nonparametricandparametricIRT arestill
quitewell suited.

1 Introduction

In introducingSusanEmbretson’s 1999 PresidentialAddressat the European
Meetingof the PsychometricSocietyin Lüneburg Germany, Ivo Molenaarde-
finedpsychometricsas“mathematicalstatisticsin theserviceof substantivepsy-
chology”: thatdefinitioncutsa prettywide swath,andindicatesjusthow general
the psychometricenterprisecanandshouldbe. Item responsetheory(IRT; e.g.,
Fischer& Molenaar, 1995;VanderLinden& Hambleton,1997)is apsychometric
approachto modelingdatafrom socialsurveysandeducationalandpsychological
tests,datingbackat leastto Lord (1952)andRasch(1960),andto thework of Lo-
evingerandGuttmanbeforethem.IRT enablesus to studythecharacteristicsof
testor survey itemsacrossmultiple respondentpopulations,andto studyrespon-
dents’propensitiesto answerpositively acrossvariousitems.IRT hasarguably
beenoneof the mostsuccessfulandwidely usedtechniquesin psychometrics,
with applicationsin developmental,social,educationalandcognitivepsychology
for example,aswell asin medicalresearch,demographyandothersocialscience
settings.

In thischapterI will try to briefly summarizesomeof theimportantresearchin
nonparametricandparametricIRT today, emphasizingtheinterplaybetweenpara-
metric andnonparametricmodelsthat is the hallmarkof the approachinitiated
in theNetherlandsby Mokkenandpursuedby Molenaar, Sijtsma,andtheir col-
leagues,andre-ignitedin theU.S.by Holland,Rosenbaum,andtheircolleagues.I
will try to show thatabroadunderstandingof IRT asaninstanceof “mathematical
statisticsin theserviceof substantivepsychology”,togetherwith anappreciation�
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of someof the currentmeasurementchallengesin educationandcognitive psy-
chology, leadus to assessmentmodelsthat do not look very muchlike today’s
IRT models,but for which thetoolsandconceptualframework of nonparametric
andparametricIRT areparticularlywell suited.

2 NonparametricIRT: ScaleConstruction

To save spaceandpreserve focus,my summaryof nonparametricIRT will con-
centrateon thescalingtheorytechniquesintroducedby Mokkenandpursuedby
Molenaar, Sijtsma,andtheir colleagues.Importantrelatedwork on nonparamet-
ric essentialunidimensionality(e.g.,Stout1987,1990;Zhang& Stout,1996;and
Stout,Habing,Douglas,Kim, Roussos,& Zhang,1996),nonparametricregres-
sion estimatesof item responsefunctionsandtestresponsesurfaces(especially
Ramsay, 1991,1995,1996),andrelatedparametricandnonparametricwork (e.g.,
Meijer, 1996; Cliff & Donoghue,1992; Drasgow, Levine, Tsien, Williams, &
Mead,1995;Samejima,1997)will notbeconsideredin detail.

2.1 MonotoneHomogeneity/ StrictUnidimensionality

The Mokken (1971) model of monotonehomogeneitystartswith very few as-
sumptions.A collectionof item responsevariables����� �	� 
 � � � 
 �	� 
 , which
may include dichotomous,orderedpolytomous,or even continuousresponses
satisfiesthis model,if � , the latenttrait, is a real-valuedrandomvariable(unidi-
mensionality);if eachitem stepresponsefunction (ISRF) ��� ������� � � � is non-
decreasingin � for eachitem responsevariable ��� and eachreal threshold �
(monotonicity);andif

��� ������� � 
 � � � 
 ������� � � � ��� ��� ��� ��� ��� �!� � � � � (1.1)

for all possiblecutoffs � � (localindependence).Whentheresponseis dichotomous
(�	���#" or 1) I referto �$� � � 
&%#��� �	���(' � � � astheitemresponsefunction(IRF).
In thatcase,equation(1.1)reducesto thefamiliar form

��� ���)��*�� 
 � � � 
 �	�+��*,� ��� ��� �$� �$� � � 
 - . � ')/0��� � � 
 � � 1 - . � (1.2)

The datawe observe when examineesor subjectsrespondto test or survey
itemscanbethoughtof asi.i.d. samplesfrom themarginal discretemultivariate
distribution,

��� �	����� � 
 � � � 
 �	�+��� � ���324��� �	����� � 
 � � � 
 �	�+��� �,� � � 5 6�� � 
 
 (1.3)
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wheretheintegrandcomesfromeitherequation(1.1)orequation(1.2),and7 8�9 : ;
representsthedistribution of : in thepopulationof interest.Theassumptionsof
unidimensionality,monotonicityandlocalindependencecanberelaxedin various
ways(e.g.,Sections2.2, 3.2 and4.1 below), but this basicmodelhasbeenthe
foundationof muchnonparametricscaleconstruction.

Nonparametricscaleconstruction

For dichotomousitems,a nonparametrictheoryof scaleconstructionhasexisted
at leastsinceMokken(1971;1997;seealsoMolenaar, 1991;1997).Theprincipal
toolsof thattheoryareadaptationsof Loevinger’s(1948) < coefficients,compar-
ing the marginal covarianceCov 9 =	> ? =�@ ; of eachitem pair with the maximum
covarianceCov A)B C 9 =�> ? =�@ ; possible,preservingthemarginsof theobserved =	>D =�@ table.TheboundCov A)B C 9 =�> ? =�@ ; is obtainedby adjustingthetableto re-
moveGuttmanerrors(e.g.,Molenaar, 1991);andindeedtheoriginal formulasfor
the < coefficientswereexpressedasratiosof Guttmanerrors(Mokken,1997).

A relatedmodelingconditionfor dichotomousitemsis invariant itemordering
whichsaysthatIRF’sdonotcross:for everypair E andF , either G$> 9 : ;)H�G�@ 9 : ; orG�@ 9 : ;IH(G�> 9 : ; holdsuniformly for all : . Rosenbaum(1987a,b)andSijtsmaand
Junker (1996,1997)exploreandextendthis ideaandprovide scaleconstruction
examples.Mokken’sdoublemonotonicitymodelincorporatesboththemonotone
homogeneityandinvariantitemorderingassumptions.

The < coefficientsaredirectly sensitive only to high or low correlationsbe-
tweenitems,ratherthanto local independencegiven : asin equations(1.1) and
(1.2).If thecorrelationsarenearzero,wemaybeunsatisfiedto assumethatsuch
a : exists (seefor examplethediscussionof co-monotonicityin Junker & Ellis,
1997).While aperfectGuttmanscalewouldproduce< coefficientsequalto one,
large < coefficientsprovideonly indirectevidenceof a : “explaining”covariation
in theitemresponsesin thesenseof local independence.

More directattackson the problemof establishingsucha : from dataanaly-
sishave beenpursuedby Stout,Ramsayandtheir studentsandcolleagues.Stout
(1990;andsubsequentwork, for exampleStoutetal.,1996)constructsaproxyfor: from thetotalscoreonaspecially-selectedsubsetof theitemsandusesit to test
a weakenedversionof monotonehomogeneity, Stout’sessentialunidimensional-
ity model.Ramsay(1991)constructsnonparametricregressionestimatesof item
(step)responsefunctionsusingtotal scoreor restscore(seeSection2.1 below
for definitions)asa proxy for : , which allows oneto explorenon-monotonicity.
Ramsay(1995)constructsnonparametriclocal smoothingestimatesof the joint
responsesurfaceof all itemson thetest.Stout’s andRamsay’s methodsaregen-
erally morecomputationallycomplex, andseemto requirelargerexamineeand
itemsamplesizes,thanthemethodsinitiatedby Mokkenanddevelopedby Mole-
naar, Sijtsma,Rosenbaumandtheir colleaguesandstudents.Thusthe Mokken
techniqueshavebeenmorewidely usedin smallersocialsurvey andexperimental
psychologysettings.

Molenaar(1991)provideda directgeneralizationof the < coefficientsto the
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caseof polytomousresponses,anddevelopedaneffectivecomputationalmethod
for obtainingCov J&K L M N	O P N�Q R in the polytomouscase.Hemker, Sijtsmaand
Molenaar(1995) apply theseideasto scalingpolytomousitems. Generalizing
invariant item orderingto the polytomouscaseturns out to be somewhat deli-
cate.The mostsuccessfulapproachto dateis basedon preservingthe orderof
expecteditem scores,e.g. S�T N�O U V W�XYS�T N�Q U V W uniformly in V for fixed Z and [ ;
SijtsmaandHemker (1998)comparethis approachwith otherapproaches(e.g.,
Molenaar, 1997;Scheiblechner, 1995)that imposeorderrestrictionsdirectly on
theISRF’s \�T N�O ]!^ U V W , uniformly in V .

Anotherapproachto understandingscalingby theMokkenmodel—indichoto-
mous,polytomous,andmoregeneralsettings—wasinitiatedby Holland(1981),
Rosenbaum(1984),andHollandandRosenbaum(1986;seealsoMeredith,1965).
Junker(1993),Ellis andJunker(1997)andJunkerandEllis (1997)continuedthis
approach;they combineHolland andRosenbaum’s (1996)conditionalassocia-
tion (CA)condition_

partitions̀ba(M c!P d�R P _�e P�f non-decreasingg _,h M d�R P
Cov M e M ciR P f,M cjR U h M d�R R)k!l P (1.4)

with a vanishingconditionaldependencecondition_,m P as nporq�P&M N	s P t t t P N	u R becomeindependent,
given M N�u v$s P t t t P N	u v�JIR P (1.5)

to obtaina completecharacterizationof an infinite-item-poolformulationof the
basicmonotonehomogeneitymodel,in which V is bothgenuinelylatentandcon-
sistentlyestimable,in termsof thejoint distributionof observableitemresponses.

Stochasticordering

A sideeffectof theeffort to understandhow to characterizeandtestthemonotone
homogeneitymodelhasbeena selectionof othermodeltestingcriteria,suchas
Junker’s(1993)“manifestmonotonicity”propertyfor dichotomousitemsfollow-
ing themonotonehomogeneitymodel,\�T N�O$a3w U N0x y O zv a�{ W is non-decreasingin { t (1.6)

This property, andexamplesshowing that it doesnot hold whenthe“rest score”N0x y O zv a�| Q }~ O N�Q is replacedby the total scoreN	v3a4| uO ~ s N	O , areincludedin
unpublishedworkof MolenaarandTomSnijders(Junker, 1993;Junker& Sijtsma,
2000).

Existingproofsof (1.6)hingeon establishinga “stochasticordering”property
for V , giventhetotal scoreN�v [or equivalentlytherestscoreN x y O zv ]:\�T V�]�^ U N	v0a�{ W is non-decreasingin { , _ ^ t (1.7)

Hemker, Sijtsma,Molenaarand Junker (1996,1997) call this property“SOL”
(StochasticOrderingof the Latenttrait by the sumscore),andshow that, sur-
prisingly, this propertydoesnot generalizeto “most” nonparametricordered-
polytomousresponseIRT models.Thusfor example,rulesbasedon cutoffs for
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neednot bemostpowerful for “masterydecisions”in thesenseof �	�#� ; on

theotherhand,suchcutoff rulesfor
�	�

aremostpowerful for masterydecisions
in thenonparametricdichotomousresponsecase(Grayson,1988;Huynh,1994).

In the processof developing thesestochasticordering ideas,Hemker et al.
(1997)andHemker andSijtsma(1999)have developeda taxonomyof nonpara-
metricandparametricitem responsemodels,thatusefullycomplementsthetax-
onomyof ThissenandSteinberg (1986).TheHemker taxonomyis basedon the
cumulative, continuation-ratio,and adjacent-category logits that arecommonly
usedto defineparametricfamiliesof polytomousIRT models.Commonformsof
gradedresponsemodels(GRM; Samejima,1997for example),sequentialmod-
els (SM; Tutz, 1990; Mellenbergh, 1995; Samejima,1969, 1995), and partial
creditmodels(PCM;Masters1982)assume,respectively, thatthelogit functions
logit ��� �	� �(� � � � , logit ��� �	� �(� � � �3�)��� � � � , andlogit ��� �	�&� �&�#� � ���)�� � � � ��� � � � � arelinear in � . Hemker’sanalogousnonparametricmodelclasses,the
np-GRM,np-SMandnp-PCM,assumeonly thattheselogits arenon-decreasing
in � .

This taxonomyis a powerful way to organizeideasaboutmodeldefinitionand
modeldevelopmentin applicationsof bothparametricandnonparametricIRT. It
follows that thenp-PCMclassis nestedwithin thenp-SMclass,which is nested
within thenp-GRMclass;moreover all threelinear-logit familiesabove (GRM,
SM andPCM)arein factsubclassesof thenp-PCMclass.As HemkerandSijtsma
(1999)andVanderArk (1999)show, thisapproachalsohighlightslinks between
polytomousIRT andthemachineryof generalizedlinearmodels(McCullagh&
Nelder, 1989),just asit haslong beenrealizedthatparametricdichotomousIRT
is basicallymultivariatemixed effectslogistic regression(e.g.,Douglas& Qui,
1997;seealsoLee& Nelder, 1996).It is importantto realizehowever thatof all
of the modelsstudiedby Hemker andhis colleagues,only the parametricPCM
andits specialcases,have thenicestochasticorderingpropertySOL(see1.7).

2.2 SomeInterestingQuestions

An ongoingquestionin this areais developingadequatedataanalysismethodol-
ogy. Most of whatcannow bedone,in thedichotomousandpolytomouscases,
is encodedin the computerprogramMSP(Molenaar& Sijtsma,1999).Sijtsma
(1998)providesanexcellentsurvey of nonparametricIRT approachesto theanal-
ysisof dichotomousitem scores;Molenaar(1997)andSijtsmaandVanderArk
(this volume)survey extensionsto the polytomouscase.Snijders(this volume)
introducesMokkenscalingtools for multilevel dataaswell. Ellis (1994)hasre-
examinedMokken’shypothesistestingframework for the � coefficients,andde-
veloped,in principle,new testsbasedon the theoryof order-restrictedinference
of Robertson,Wright andDykstra(1988).The samemethodsmay be useful to
developtestsof manifestmonotonicity. In additionto HollandandRosenbaum’s
(1986)applicationsof theMantel-Haenzeltest,YuanandClarke (1999)havede-
velopedasymptotictheoryfor testingtheconditionsof Junker(1993),thatshould
beadaptableto theconditionsof Junker andEllis (1997).A moredirectapplica-
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tionof thetheoryof order-restrictedinferenceto testingCA andrelatedconditions
is givenby BartolucciandForcina(in press).

SijtsmaandVan der Ark (this volume)discussprogresson several problems
relatedto the lack of SOL (1.7) in orderedpolytomousIRT modelsandto the
sensitivity andspecificityof themanifestmonotonicitycondition(1.6)for detect-
ing (violationsof) themonotonehomogeneitymodel.Oneof thestrengthsof the
nonparametricapproachto dichotomousIRT is that it usuallyassuresus,under
very generalcircumstances,that simple summariesof the dataare informative
aboutinferenceswe wish to make, yet the currentevidencesuggeststhat there
arenosuchsimplesummariesfor inferencesaboutorderedpolytomousdata.Un-
derstandingtheimpactthatthis hason nonparametricpolytomousIRT modeling
will surelyentail facingandsolving theproblemsthat SijtsmaandVanderArk
discuss.

Finally, someof themachinerydevelopedto characterizemonotonehomogene-
ity modelsseemsreadyto applytocommonmodificationsof thisbasicmodel.For
example,conditionalassociation(1.4) is basicallyanextremesharpeningof the
well-known factthat inter-itemcorrelationsarenonnegativeundermonotoneho-
mogeneity. Post(1992;Post& Snijders,1993)hasestablishedasimilarfactabout
aclassof nonparametricprobabilisticunfoldingmodels:theinter-itemcorrelation
matrix hasa bandof positive correlationsnearthe main diagonal,borderedby
bandsof negativecorrelations.Is therea sharpeningof thePostresultanalogous
to conditionalassociation?Could this be combinedwith the VCD conditionof
(1.5) to producea characterizationof Post’s models?Couldsucha resultfollow
from a “folding” of themonotonehomogeneitymodelto producenonparametric
unfolding models,alongthe lines of VerhelstandVerstralen(1993)or Andrich
(1996)?In anotherdirection,muchof the work in Ellis andJunker (1997)and
JunkerandEllis (1997)doesnot dependon thelatentvariable� beingunidimen-
sional.Junker andEllis (1997) for examplepoint out that their item-step“true
scores”��� �	�I�4� � ��� �j� � shouldform a manifoldof thesamedimensionasthe
underlyinglatentvariable � . A characterizationtheoremmay againresult, if a
weakeningof conditionalassociationto accommodatemultidimensional� could
bedeveloped.Suchtheoremshelp to distinguishamongmonotonehomogeneity
models,probabilisticunfoldingmodels,andmultidimensionalnonparametricIRT
models,on thebasisof observabledata.

3 ParametricIRT: ModelingDependence

ParametricIRT, assurveyed for examplein the editedvolumesof Fischerand
Molenaar(1995)andVanderLindenandHambleton(1997),isawell-established,
wildly successfulstatisticalmodelingenterprise.A basicandfamiliar model in
this areais the “two-parameterlogistic”, or 2PL, model for dichotomousitem
responsevariables(e.g.,Chapter1 of VanderLinden& Hambleton,1997),given
by themonotonehomogeneityassumptionsin Section2 andtheassumptionof a
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logistic form for theitemresponsefunctions,���  �¡ ¢$£Y¤I¥ ¦ ¡ § ¨$¢ § ©,¢ ª,£(¤ « ¬ ¤ ­® ¯ °�± ² ¨$¢ � ¦ ¡ ² ©,¢ ª ³ ´ , describingthedichotomousresponseof examineeµ�¡ to item¶ ¢ . The“discrimination”parameter̈$¢ controlstherateof increaseof this logistic
curve,andis directly relatedto theFisherinformationfor estimating¦ ¡ , andthe
“dif ficulty” parameter©�¢ is thelocationonthe ¦ ¡ scaleatwhichthisinformationis
maximal;notealsothatat ¦ ¡I£�©,¢ , ���  	¡ ¢�£(¤ ª�£(¤ « · . The3PL(three-parameter
logistic) modelextendsthe2PL modelby addinga non-zerolower asymptoteto
eachitem responsefunction;on theotherhandtheRaschor 1PL (one-parameter
logistic)modelis arestrictionof the2PLmodelobtainedby setting̈$¢ identically
equalto someconstant,usually1.

SuchparametricIRT models,extendedby hierarchicalmixture/Bayesianmod-
eling andestimationstrategies,make it possiblein principle and in practiceto
incorporatecovariatesandotherstructure.Many violationsof thebasiclocal in-
dependenceassumptionof IRT modelsarein factduetounmodeledheterogeneity
of subjectsanditems,that cannow be explicitly modeledusingthesemethods.
Thesemodelshavegreatlyextendedthedataanalyticreachof psychometricians,
socialscientists,andeducationalmeasurementspecialists.

Themainpurposeof thissectionis to introduceageneralmodelingframework
andhighlight a few developmentsin parametricIRT, someold andsomenew,
thatwill berelevantto my discussionof applyingIRT andrelatedmodelsto cog-
nitive assessmentproblemsin Section4 below. My summaryof parametricIRT
will beevenlesscomplete,relative to thevastparametricIRT literature,thanmy
summaryof nonparametricIRT.

3.1 Two-Way Hierarchical Structure

The estimationof group effects and the useof examineeand item covariates
in estimatingitem parametersplays an importantrole in the analysisof large
multi-site educationalassessmentssuchas the NationalAssessmentof Educa-
tional Progress(NAEP;e.g.,Algina, 1992;Johnson,Mislevy andThomas,1994;
and Zwick 1992).Theseefforts, which go back at leastto Mislevy (1985;see
alsoMislevy & Sheehan,1989)canberecognizedastheweddingof hierarchical
linearor multi-level modelingmethodologywith standarddichotomousandpoly-
tomousIRT models.Thegeneralmodelis a two-way hierarchicalstructurefor ¸
individualsand ¹ responsevariables,asin Table1.1,where� ± ¦ ¡ º » ¢ ³ is theIRF,
dependingon personparameters¦ ¡ anditem parameters» ¢ (e.g., » ¢ £ ± ¨�¢ § ©,¢ ³
in the2PLmodelabove),andwhereindependenceis assumedbetween¼ ’scondi-
tionalon ¦ ¡ at thefirst level andbetween½ ’sat thesecondlevel.Termsin thefirst
level, for example,aremultiplied togetherto producethe usualjoint likelihood
for the ¸0¾�¹ itemresponsematrix �  	¡ ¢ ª ; thesecondandthird levelscanbeused
to imposeconstraintson thefirst level parametersandlatentvariable,to deduce
what integrationsareneededfor marginal likelihoodapproaches,etc. ¿,À and ¿ Á
representsetsof hyperparametersneededto specifythesepersondistributions Â ¡
anditem distributions Ã ¢ , with hyperpriordistributions Ä,À and Ä Á , respectively.
Themodelin Table1.1 is expressedfor dichotomousitems,for simplicity of ex-
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First level: Å	Æ ÇÉÈËÊ�Ì Í Æ Î Ï Ç Ð Ñ$Ò Ó Ô Õ)Ö Ê�Ì Í Æ Î Ï Ç Ð × Ø Ù Ú�Ñ$Ò Ó Û ÜÝ�Þ Õ Ü ß ß ß Ü à Î�á Þ Õ Ü ß ß ß Ü â
Secondlevel: Í Æ�ÈËã Æ Ì Í,ä å,æ Ð Ü eachÝÏ Ç Èèç Ç Ì ÏIä å é Ð Ü eachá
Third level: å,æêÈËë,æ,Ì å,æ Ðå éìÈËë é Ì å é Ð

TABLE 1.1.two-way hierarchicalstructurefor í individualsand î dichotomousresponse
variables.

position,but caneasilybegeneralizedto polytomousitems,or combinationsof
item types(seefor examplePatz& Junker, 1999a;1999b).It is alsousualto as-
sumefor ã Æ Ì Í Ð a singlelatenttrait distributionnot dependingon Ý , andsimilarly
for ç Ç .

We may relax theseassumptionsby allowing the distributions ã Æ Ì ï Ð of Í to
dependhierarchicallyonexamineecovariates,to modelpopulationheterogeneity,
as in the multi-group IRT modelsof Mislevy (1985) and Bock and Zimowski
(1997),or to reflecthierarchicallinear structureasin Fox andGlas(1998).We
may alsoelaborateç Ç Ì ï Ð , for exampleby building linear structureinto the item
parameters.For examplein the2PLmodel,whereÏ Ç Þ Ì ð�Ç Ü ñ Ç Ð , wemight takeÌ ñ Ù ñ,ò ï ï ï ñ�ó Ú�Ù ñ�ó Ð ô Þöõ Ì�÷ Ù ÷ ò ï ï ï ÷ ø Ð ô Ü (1.8)

where õ is anappropriatedesignmatrix of full columnrank,to reflectcommon
sources(÷$ù ’s) of item difficulty (ñ Ç ’s) acrossitems.In the caseof Rasch(1PL)
IRF’s, this is thelinear logistic testmodel(LLTM; Scheiblechner, 1972;Fischer,
1973).This modelandits variousgeneralizations(e.g.,Glas& Verhelst,1989;
Patz & Junker, 1999b)continuesto beusedfor psychologicalexperimentswith
multiple outcomesper subject(e.g.,FischerandMolenaar, 1995andthe refer-
encestherein)andfor researchin cognitively-motivatedtestdesign(Embretson,
1995;1999).Thereis no reasonto restrict attentionto the ñ ’s, and for exam-
ple Embretson(1999)hasexploreda similar decompositionof the ð ’s in a 2PL
model.

Thesegeneralizationsof thebasicIRT modelbothsimplify andunify paramet-
ric approachesto many thorny testanalysisquestions,includingdifferentialitem
functioninganditemparameterdrift, nonequivalentgroupsandverticalequating,
two-stagetestingandmatrix-samplededucationalassessmentsurvey work, etc.
ThecomputerprogramsConQuest(Wu, Adams,& Wilson, 1997)andBILOG-
MG (Zimowski, Muraki, Mislevy & Bock, 1997) provide fairly generalE-M
basedsolutionswhentheunderlyingIRT modelis the1PL(ConQuest),or 2PLor
3PL(BILOG-MG). Fox andGlas(1998)andPatzandJunker(1999a;1999b)give
two differentMarkov chainMonte Carlo (MCMC) approachesto the problem.
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Generalizationto polytomousitems,facets-styleratedresponsemodels,andmix-
turesof item typesareconceptually, andoftencomputationally, straightforward;
seefor exampleGlasandVerhelst(1989)andPatzandJunker (1999a;1999b).

3.2 SomeMultidimensionalModels

Researchin multidimensionalIRT modelshasconcentratedon additive andcon-
junctivecombinationsof multiple traitsto produceprobabilitiesof response.Ad-
ditive models,known ascompensatorymodelsin muchof the literature,replace
theunidimensionallatenttrait ú with an item-specific,known (e.g.,Stegelmann,
1983; Embretson,1991; Keldermanand Rijkes, 1994; and Adams,Wilson, &
Wang,1997)or unknown (e.g.,Reckase,1985;Wilson,Wood,& Gibbons,1983;
Fraser& MacDonald,1988;Muraki & Carlson,1995)linearcombinationof com-
ponentsû ü ý ú ý$þ�ÿ ÿ ÿ þ0û ü � ú � of a

�
-dimensionallatenttrait vector, for examplein

the dichotomousresponsecase��� ��� ü	��
 � ú � ý 
 � � � 
 ú � � ������� û ü ý ú � ý�þ(ÿ ÿ ÿ þû ü � ú � �����,ü � 
 where��� ÿ � mightbethelogisticor probit responsefunctionfor ex-
ample.BéguinandGlas(1998)survey theareawell (seealsoseveralcontributed
chaptersin VanderLinden& Hamilton,1997)andgiveanMCMC algorithmfor
estimatingthesemodels;GibbonsandHedeker (1997)pursuerelateddevelop-
mentsin biostatisticalandpsychiatricapplications.

Conjunctivemodelsareoftenreferredto asnoncompensatoryor componential
modelsin the literature.Thesemodels(e.g.,Embretson,1997)combineunidi-
mensionalmodelsfor componentsof responsemultiplicatively, sothat �	� ��� ü��
 � ú � ý 
 � � � 
 ú � � ����� �� � ý ��ü � � ú � � � where �$ü � � ú � � � areparametricunidimensional
dichotomousresponsefunctions.Theusualinterpretationis thatthe �$ü � � ú � � � rep-
resentskills or subtasksall of which must be performedcorrectly in order to
generatea correctresponseto theitem itself. JanssenandDe Boeck(1997)give
a recentapplication.

Compensatorystructuresareattractive becauseof their conceptualsimilarity
to factoranalysismodels.They have beenvery successfulin aiding the under-
standingof how studentresponsescan be sensitive to major contentand skill
componentsof items,andin aiding paralleltestconstructionwhenthe underly-
ing responsebehavior is multidimensional(e.g.,Ackerman,1994).Noncompen-
satorymodelsarelargely motivatedfrom a desireto modelcognitive aspectsof
item response,a topic to which we will return in Section4. Embretson(1997)
alsoreviews blendsof thesetwo approaches(hergeneralcomponentlatenttrait
models;GLTM).

3.3 ModelsThatAccommodateExtra Behavioral Featuresof
Assessment

In additionto providing a way to modeldependenceof item responseson spe-
cific examineeand item covariates,the hierarchicalor multi-level approachto
IRT alsoallowsusto modelextrabehavioral featuresof assessment.This largely
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unexploredareais worth further study, sincethesefeaturescanaffect both the
certaintywith which we make inferencesfrom assessmentdataandthekindsof
inferenceswe make; currentmodelsand methodslargely relegatethem to the
“error distribution” of themodel.

Oneexampleof this sort of work involvesrecentefforts to moreelaborately
model the behavior of ratersin rateditem responsedata.Whenonly one rater
rateseachitem, it may be sufficient to treat eachrating as a different, locally
independentpseudo-item—sothat thefirst level in Table1.1containsonefactor
for eachrater � item � examineecombination—andto model the rater effect
asa linear influenceon theitem’s difficulty parameter�! . Mathematicallythis is
equivalentto the LLTM modelsketchedabove, but it hascometo be known in
thissettingasthe“Facetsmodel” (e.g.,Linacre,1989;Engelhard,1994).

For both formative andsummative evaluationof raters,a numberof multiple-
readrating designsare now commonplace(Wilson & Hoskens,1999), includ-
ing designswith asmany assix ratersper item (e.g.,Sykes& Heidorn,1999).
Thuseachexamineeperformanceismeasuredseveralcorrelatedbut fallible times.
JunkerandPatz(1998)showedthattheusualFacetsmodelformulationin which
thelikelihoodis theproductof LLTM-style factorsfor eachratingof eachitem,
accumulatesinformationabout " too optimistically, so that even with only one
item response,in the limit asthe numberof ratersgrows, the standarderror for
estimatingor predicting" apparentlygoesto zero,contradictingthenotion(e.g.,
Junker, 1993)thatthenumberof itemsshouldtendto infinity in orderto makethe
errorof estimationof " vanishinglysmall.Instead,modelsareneededthatappro-
priatelyaccumulateinformationfrom multipleratingsto thesingleitemresponse
beingrated,andthenaccumulateinformationacrossitemresponsesto learnabout" itself.

Wilson andHoskens’ (1999)raterbundlemodel(RBM) attacksthis problem
by replacingthe Facetsproductacrossratersfor eachitem in level oneof Ta-
ble 1.1 with a log-linearmodel that modelsthe dependencebetweenratingsof
the item, conditionalon " . Their approachseemsvery usefulfor, e.g.,modeling
“tableeffects”andotherraterdependencephenomenathatfollow whenratersare
allowedor encouragedto discussratingsamongstthemselvesto increaserating
qualityandinter-raterreliability.

Patz, Junker andJohnson’s (1999)hierarchicalrater model (HRM) provides
analternative approachthatpositsa “latent rating” # $  (not unlike Maris’, 1995,
notionof latentresponses;alsonotetheconnectionwith dataaugmentationmeth-
odsin Bayesiancomputation,e.g.,Tanner, 1996)thatfollowsa conventionalIRT
model,suchas %�& # $  �'�( ) " $ * +, * �- .�'�( / 0 (�132 4 5,6 7�+8 & " $973�! . : ; (or a poly-
tomousvariant),anda “signal detectionmodel” for eachrater < rating that item
responsesuchas %�& =�$  >�'�( ) # $  .�'@? A B CD D > ? D E A B CD F > * where? D D > is theprobability
that rater < ratesa responsewith latent rating # $  �'G( as a 0, and ? D F > is the
probability that rater < ratesa responsewith latent rating # $  �'IH asa 1. The
factors %	& =�$  >J'I( ) # $  . now appearat level oneof the hierarchyin Table1.1,
andthe factors %�& # $  	'�( ) " $ * +8 * �- . form a new level betweenlevels oneand
two of Table1.1. This producesa modelthatbehaves,for multiple discreterat-
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ings,muchasastandardgeneralizabilitytheorymodelwouldbehavefor multiple
continuousratings(seeVerhelst& Verstralen,thisvolume,for a similardevelop-
ment).In additionto providing anappropriateway to combineinformationfrom
multiple ratersto learnaboutstudentperformance,theHRM makespossiblecal-
ibrationandmonitoringof individual raterbehavioral effectssuchas,in thecase
of polytomousresponses,raterseverity andraterprecision.

3.4 SomeCurrentQuestions

Almost any assessmentphenomenon—frombetween-examineedependencedue
to institutionalor sociologicalfactors,to behavioral aspectsof raters,to theanal-
ysis of item responsesinto requisiteexamineeskills or item features—canbe
expressedin thehierarchicalmixture/Bayesmodelingframework, becauseof its
conceptualsimplicity. Recentadvancesin computation,andMCMC methodsin
particular, have madeit possibleto estimatea vastlywider varietyof thesemod-
els thanwould have beenimaginableeven ten yearsago.Questionsmotivating
this work inevitably involve identifying phenomenathatareworth detailedpara-
metric modeling,and seeingif the computationalmachinerycan be pushedto
estimatemodelsof thesephenomena.Recentexamplesincludemultidimensional
(Gibbons& Hedeker, 1992)andhierarchical(Bradlow, Wainer, & Wang,1999)
modelingof testlets;blendingIRT andhierarchicallinearmodels,andbehavioral
modelssuchastheratermodelsdescribedabove.

Speedingup thecomputationswith approximations(includingformal andin-
formalapplicationsof Laplace’smethodsuchasRigdon& Tsutakawa,1983and
Kass,Tierney, & Kadane,1990;blendsof MonteCarloandE-M approachesas
surveyedin Tanner, 1996;andvariationalmethods,e.g.,Jaakkola& Jordan,1999)
continuesto bean essentialandfruitful avenueof research.An avenuethat has
not beenexploredasmuchin IRT work is choosingmodelsfor which sufficient
statisticsaresimpleandinterpretable.Themostfamiliar“basicmodel”of thissort
is of coursetheRaschmodel,but asweshallseein thenext sectionsomecurrent
cognitively-motivatedmeasurementproblemsmayrequireanew “basicmodel”.

4 MeasurementChallengesPosedby Cognitiveand
EmbeddedAssessments

In recentyears,as cognitive theoriesof learningand instructionhave become
richer, and computationalmethodsand machineryto supportassessmenthave
becomemorepowerful, therehasbeenincreasingpressureto make assessments
truly criterion referenced,that is, to “report” on studentachievementrelative to
theory-drivenlistsof examineeskills, beliefsandothercognitivefeaturesneeded
to perform tasksin a particularassessmentdomain.For exampleBaxter and
Glaser(1998)andNicholsandSugrue(1999)presentcompellingcasesthatas-
sessingexaminees’cognitivecharacteristicscanandshouldbethefocusof assess-
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mentdesign.In a similar vein, ResnickandResnick(1992)advocatestandards-
referencedor criterion-referencedassessmentcloselytied to curriculum,asaway
to inform instructionandenhancestudentlearning.

Appropriatecriterion-referencedtestingcanalsobeaneffective teachingtool
when embeddeddirectly in teachingpractice.Indeedthereis substantialargu-
mentandevidence,assummarizedfor exampleby Bloom (1984),that part of
what distinguisheshigherstudentachievementin “masterylearning” and indi-
vidualizedtutoringsettingsasopposedto theconventionalclassroom,is theuse
of frequentandrelatively unobtrusive formative testscoupledwith feedbackfor
thestudentsandcorrective interventionsby theinstructor, andfollow-up teststo
determinehow muchtheinterventionshelped.Thisapproachcontinuesto bead-
vocatedaspartof anaturalandeffectiveapprenticeshipstyleof humaninstruction
(e.g.,Gardner, 1992),andit is the basisof many computer-basedintelligent tu-
toring systems(ITS’s, e.g.,Anderson,1993;andmorebroadlyShute& Psotka,
1996).Heretoo,a decompositionof assessmentitemsinto appropriatecognitive
attributesis important:feedbackand/orcorrective action in a masteryclassor
from an ITS dependson knowing which cognitive attributesthe examineehas
andhasnotmastered.

Cognitive assessmentmodelsmustgenerallydealwith a morecomplex goal
thanlinearlyorderingexaminees,or partiallyorderingthemin a low-dimensional
Euclideanspace,which is whatIRT hasbeendesignedandoptimizedto do.The
goalof cognitive assessmentcanbe thoughtof producing,for eachexaminee,a
checklistof skills or othercognitiveattributesthattheexamineemayor maynot
possess,basedontheevidenceof tasksperformedby theexaminee.Thechecklist
of cognitive featuresin a cognitiveassessmentgenerallycomesfrom ananalysis
of thecognitiveattributesneededto successfullyperformeachtaskin adomainof
interest.For a particularsetof tasks,thisanalysiscanbeencodedin anincidence
matrix,the K -matrix (e.g.,Tatsuoka,1990),whichwewill write asa L9M	N matrixK@O@P K�Q R S of 0’sand1’swith entries

K�Q R�O T�U V if attribute W is requiredby task XY V
if not

(1.9)

While the K -matrix doesnot captureall of the structurewe may be interested
in ( K treatstheskills in a flat, non-time-orderedmanner, andtheremaybeboth
hierarchicalandtime-orderstructurein theskills asthey areappliedto a task),it
is a usefulbookkeepingdevice.

Many attempts(e.g.,assurveyedby Roussos,1994)to blendIRT andcognitive
measurementarebasedon a linear decompositionof item parameters,asin the
LLTM, or on a linear decompositionof the latenttrait Z , as in the multidimen-
sionalcompensatoryIRT models.CompensatoryIRT models,like factoranalysis
models,canbesensitive to relatively largecomponentsof variationin examinee
ability or propensityto answeritemscorrectly. LLTM-style modelscanbe sen-
sitive to finer componentsof variationamongitemsbut arenot at all sensitive to
componentsof variationamongexaminees. Noncompensatoryapproaches(e.g.,
Embretson,1997)areintendedto be sensitive to finer variationsamongexami-
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nees,in situationsin whichseveralcognitivecomponentsarerequiredsimultane-
ously for successfultaskperformance.Of course,whethercognitive assessment
dataactuallysupportsmodelsthattrackthisfinerlevel of variationis anempirical
matter.

4.1 ThreeApproachesto CognitiveAssessment

To illustratethedifferencesbetweentraditionalIRT approachesandcognitively-
motivatedapproachesto assessment,weconsidertwo publishedmodelsintended
to dealwith essentiallythesamedata:taskperformanceby studentslearningthe
LISPprogramminglanguageusingoneof thecomputerbasedintelligenttutoring
systemsdevelopedby JohnR. Andersonand his colleaguesat Carnegie Mel-
lon University (e.g.,Anderson,Corbett,Koedinger, & Pelletier, 1995).Thefirst
model is the assessmentmodelactuallyembeddedin the tutoring software,as
describedby Corbett,AndersonandO’Brien (1995);thesecondis anIRT-based
modelfor essentiallythesamedata,aspresentedby Draney, Pirolli andWilson
(1995).Then we considera third model to illustrate that, althoughthe model-
ing traditionsin IRT arenot muchlike thosein cognitive assessmentmodeling,
the fundamentaltechniquesandconceptsfrom IRT modelingarequiteusefulin
cognitiveassessment.

TheCorbett/Anderson/O’Brienmodel

The “knowledgetracingmodel” embeddedin the LISP tutor software(Corbett,
Anderson,& O’Brien, 1995)treatssuccessfulperformanceof a taskat time [ , [\ 1, 2, 3, . . . , asanuncertainindicatorof possessionof thenecessaryunderlying
skills at time [ , accordingto themodel]	^ _�` a b [ c \ed f-\ ]	^ g ` a b [ c \@d f b d�hji c,k b dlh ]�^ g ` a b [ c \@d f c m!n (1.10)

where
_�` a b [ c \@d or 0 indicateswhetherexamineeo ` performedtaskp a correctly

at time [ , g ` a b [ c \�d or 0 indicateswhetherexamineeo ` possessestherequisite
skills for task p a at time [ , andparametersi and m in (1.10)areuniversal“slip-
ping” and “guessing”probabilitiesthat accommodateuncertaintyin predicting
taskperformance

_�` a b [ c from
g ` a b [ c . ]�^ g ` a b [ c \@d f followsa simpleconjunctive

model(thoughmorecomplex expressionsalongthelinesof Mislevy, 1996,could
beimagined): ]�^ g ` a b [ c \@d f!\rqst u8v ]�^ w8` t b [ c�xzy a t f { (1.11)

with latentvariables
w,` t b [ c \|d or 0, indicatingwhetheror not studento ` pos-

sessesskill } attime [ , [ \ 1,2,3, . . . Entriesof a y -matrix, y a t , indicatewhether
skill } is neededfor task~ , andskills combineconjunctively to predicttaskperfor-
mance.It is worth noting that the

g ` a b [ c ’s [or the
w,` t b [ c ’s] canbe interpretedas

playingtheroleof Maris’s(1995)latentresponses(they canalsobeinterpretedin
termsof themethodof dataaugmentationin Bayesiancomputation,e.g.,Tanner,
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1996).Given currentestimatesof ��� �8� � � � ������� � � , the tutor canboth identify
which skills needadditionalpractice,andselectitemsof suitabledifficulty that
exercisethoseskills, to assignto thestudentnext.

Corbett et al. were particularly interestedin how to gatherevidenceabout��� �8� � � � � � as the numberof opportunities� to apply rule � increases—i.e.they
areinterestedin modelinglearning.To accountfor theorderin whichcorrectand
incorrectactionsareobserved whenskill � is called for, they treateach �,� � � � �
asa two-statehiddenMarkov chainin � , with anabsorbingstateat �,� � � � ���|� ,
with correspondingobservableevidence� � � � � �	��� or 0 that the correctaction
wasperformedwhenskill � wascalledfor. For brevity, denote������� �8� � � � �9��	�,��8� � � ����� �9��� � , let “ �,� � � � � ” standfor “ �8� � � � ����� ” and“ ��,� � � � � ” standfor
“ �,� � � � �	�|� ”, andsimilarly for � � � � � � and �� � � � � � , in what follows. They apply
theLaw of Total ProbabilityandBayes’Ruleto relatetheobservabledatato the
hiddenMarkov states:

�	� �,� � � � ��� � � � � � � ������� �,� � � �8�z� ��� � � � � � �,�� � �l���	� �8� � � ����� ��� � � � � � � � � ��	� �,� � � � ��� �� � � � � � ������� �,� � � �8�z� ��� �� � � � � �,�� � �l���	� �8� � � ����� ��� �� � � � � � � � ���� �8� � � ����� ��� � � � � � � ����� � ���3� � ��� �,� � � �8�z� �-� �� � � ���3� � ��� �,� � � �8�z� �-���  ���-��8� � � �8�z� �-� ���� �8� � � ����� ��� �� � � � � � ����� � �	� �,� � � �8�z� �-� � � � � ��� �8� � � �8�z� �-�� � ���   � ���!��8� � � ����� �,� � .
(1.12)

Givena-priori fixedvaluesof � , � ,   , andaprobability¡ ¢ thateachskill is in the
learnedstatebeforethe tutoringbegins,we maysubstitute¡ ¢ for �	� �,� � � ����� � �
when ���|� , andtheabove formulasgive analgorithmfor recursively updating��� �8� � � � � � onthebasisof theobservedsequenceof correctandincorrectactionsin
thefirst � opportunitiesto applyrule � . This is aparticularlysimpleandfastcom-
putationalmethod,capableof updatingthetutor’smodelof thestudent’sskills in
realtimeasthestudentworkswith thetutor.

It is interestingto notethatin orderto producea well-fitting model,Corbettet
al. hadto allow theprobabilities� , � ,   , andtheprobability¡ ¢ thateachskill was
alreadyin the learnedstatebeforethetutoringbegan,to beperturbeddifferently
from overallpopulationvaluesfor eachstudent£-� ; effectively, they allowedthese
parametersto becomerandomeffects.Thus,in additionto the individual differ-
encesin skills acquisitionthatthemodelhadbeendesignedto detect,therewere
substantialindividual differencesin startingknowledgeof the students,in ten-
dency to slip or guess,andin therateof learning,underthismodel.

TheDraney/Pirolli/Wilsonmodel

Draney, Pirolli andWilson (1995)developan LLTM-style modelto analyzees-
sentiallythesamedata.Themodelthey considerbeginswith anindicator � � � � � � ��z� if student£,� performscorrectlywhenthe � thopportunityto useskill � occurs,
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undercondition¤ ; and ¥ ¦ § ¨ © ª «8¬z­ otherwise.These¥ ¦ § ¨ © ª « differ from Corbettet
al.’s ¥ ¦ ¨ © ª « only in thatthetaskthatprovidesa context for performingtheskill is
allowed to affect the difficulty of correctskill performance.In the Draney et al.
model,the“skill responsefunctions”aregivenby®�¯ ¥ ¦ § ¨ © ª «�¬@°9± ² ¦ ³ ´ § ³ µ ¨ ³ ¶!·-¬ °°�¸j¹ º »,© ¼�² ¦�¸j´ §!¸�µ ¨�¼J¶l½ ¾ ¿!© ª « «!À
Thismodelessentiallydecomposesthedifficulty parameterÁ in theRaschmodel
accordingto a Â matrix,asin equations(1.8)and(1.9),in termsof parametersfor
task, ´ § , skill, µ ¨ , andslopeof thelearningcurve, ¶ . Thelogarithmicdependence
on ª is intendedto follow thedevelopmentof Anderson(1993,Appendixto Chap-
ter 3). Also, if the decompositionof tasksinto skills is complete,andthe skills
areof a suitablegranularity, Anderson’s ACT-R theorypredictsthat skill “per-
formances”will beapproximatelyindependentof oneanother, giventherelevant
difficulty andstudentparameters.This is essentiallyastatementof local indepen-
dence,sothatthe“skill responsefunctions”abovemaybemultiplied togetherin
theusualway to form anIRT likelihood.

It is interestingto comparethe two modelingapproaches.For example,for a
datasetsimilar to thatanalyzedby Draney etal., theassessmentmodelof Corbett
et al. (p. 32; seealsoDraney etal., p. 115)wouldemploy essentiallyfour contin-
uouslatentvariables,and33 dichotomouslatentattribute indicators,per student
tested—in additionto 132parametersto characterizefeaturesof theskills being
assessed.Draney et al. provided equivalentor betterfit to learningcurves,em-
ploying onecontinuouslatentvariableperstudenttested(Draney et al., p. 109),
and36 parametersfor the skills beingtested(op. cit., p. 115).Thus,if the goal
is to modellearningcurves,clearlythemorecomplex Corbettet al. modelis not
needed.

However, the usesto which the two modelscan be put, and the substantive
interpretationsof estimatedparametersin thetwo models,areverydifferent.The
Corbettet al. modelis immediatelyusefulfor diagnosingindividual differences
in studenttaskperformancebehavior by relatingit directly to specificskills in the
taskdecompositionof theirtaskdomain,but canonly indirectlyassessthevalidity
andreliability of thetasksin theassessment,throughfit to learningcurvesor other
summariesof studenttaskperformance.

TheDraney et al. modelis not immediatelyusefulfor studentdiagnosis,since
its studentparameteris one-dimensional.After fitting themodel,Draney etal. go
backandrankstudentsbasedon (empiricalBayes)estimated² ’s (in thecontext
of learningcurvesanalysis,the ² ’sessentiallycodestudents’initial facility in the
taskdomainprior to tutoring,muchastherandomeffectversionof Ã Ä doesin the
Corbettet al. model),andcompareestimatedskill performancedifficultiesto the
students’aggregate² distribution; seefor exampletheir Figure5.1,p. 112.Such
displaysallow usto predictwhichskills a“typical” studentwith somefixedvalue
of ² might beexpectedto performcorrectly, andarevery usefulcommunication
devices.However, detailedcognitive diagnosisof individual studentson theba-
sis of the ² ’s is not possible,without a post-hocanalysisof somesort. Indeed,
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for assessingwhetherindividual studentshave learnedparticularskills, Draney
et al. replacethe IRT modelwith a Bayesianinferencenetwork that is focused
on inferring the probability that an individual haslearnedeachskill, usingpri-
orsconstructedfrom thefitted IRT modelandnew datafrom furtherattemptsto
performtheskill(s).

The utility of the Draney et al. IRT model for analyzingimportanttaskper-
formancefeatures,andaggregateexamineebehaviors, shouldnot be minimized
however. For example,Junker, KoedingerandTrottini (2000)areusingessentially
thesamemodelingframework to developasemi-automaticstepwisevariablecon-
struction/modelselectionprocedure,with thegoalof identifying skills thatwere
eithertoonarrowly or toobroadlydefinedin acognitivetutor (theseresultin styl-
izeddeviations,or “blips” from thetheoreticallypredictedlearningcurvesfor the
skills). In a similar vein, Huguenard,et al. (1997;seealsoPatzet al., 1996)ap-
plied a polytomousversionof the LLTM to studythe relationshipbetweentask
featuresandworkingmemoryload,usingtheIRT Å parameterto soakupresidual
between-subjectsvariationnot modeledby experimentalandworking memory
factors.

An IRT-likecognitiveassessmentmodel

As the precedingexamplemakes clear, traditional parametricIRT approaches
may not be well suitedto individual assessmenttasksin computerbasedintel-
ligent tutoringsystems.Thesameissuescanalsoarisein standaloneassessments
thataredesignedto assesspresenceor absenceof specificskills—ratherthanto
sortexamineesalonga linearscale—basedonperformanceonafixedsetof tasks
givenasastandalonetest.

To illustratethis we considera modifiedversionof the assessmentmodelof
Corbett,Andersonand O’Brien (1995). We omit the hidden-Markov learning
modelandassumethatexamineebehavior is only observedat thetasklevel, not
theskill level. Thenew model,whosecompomentsaresummarizedin Table1.2,
canalsobeconnectedto multidimensionalnoncompensatoryIRT models,since
it is interpretableasa simplifiedversionof Embretson’s (1997)multicomponent
latenttrait (MLTM) model.A related,moregeneralclassof modelsis theclass
of probabilitymatrixdecompositionmodels(Maris,DeBoeck,& VanMechelen,
1996).

Thegoalis to try to estimatethe Æ8Ç È ’s,or morepreciselyÉ	Ê Æ,Ç È�Ë@Ì Í , from the
taskperformancedata.Our basicresponsemodel[level onein the hierarchyof
Table1.1] isÉ�Ê Î�Ç Ï8ËeÌ Ð Ñ-Ò Ó Ò Ô!Í�ËÖÕ Ç Ï × Ì�ØjÙ Ï Ú,Ûz× ÌlØJÕ Ç Ï Ú Ü Ï�ËÝ× Ì�ØjÙ Ï Ú Þ ß à Ü á â Þ ß àÏ Ò
andsofor theentireexamineesby tasksmatrix Ê Î�Ç Ï Í of taskresponses,É	Ê Î�Ç Ï,Ëzã!Ç Ï Ò,ä�å-Ò æ�Ð Ñ-Ò Ó Ò Ô!ÍËèç Ç ç Ï�é × Ì�Ø3Ù Ï Ú Þ ß à Ü!á â Þ ß àÏëê ì ß à é Ì�Øz× Ì�ØjÙ Ï Ú Þ ß à Ü á â Þ ß àÏëê á â ì ß àËèç Ç ç Ï8í × Ì�Ø3Ù Ï Ú ì ß à Ù á â ì ß àÏïî Þ ß à í Ü ì ß àÏ × Ì�ØjÜ Ï Ú á â ì ß à î á â Þ ß à

(1.13)
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= 1 or 0 indicating whether or not student ó ñ

performedtask ô ò correctlyõ ò ö
= 1 or 0 indicating whether or not task ô ò re-

quiresskill ÷ø ñ ö = 1 or 0 indicating whether or not student ó ñ
possessesskill ÷ù ñ ò

= ú ö û ü,ý þ ÿ�� ø ñ ö indicatingwhetheror notstudentó ñ has
theskills neededfor task ô ò� ò =

��� ð�ñ ò����
	 ù ñ ò���� 

aper-problemslip parameter� ò =

��� ð�ñ ò���� 	 ù ñ ò���� 

aper-problemguessingparameter

TABLE 1.2. Componentsof a simplecognitive assessmentmodelfor a stand-alongtest,
with datacollectedat thetasklevel ( ��� � ) ratherthanat theskill level ( � � � ).

To seehow estimationof theparametersdependsonthedata,it is instructiveto
setup thefirst stagesof anestimationalgorithmfor themodel.In particular, let’s
assumethatpriordistributionshavebeenchosen[for levelstwo andthreein thehi-
erarchyin Table1.1],sothat � ò����
� � � ò � , � ò���� � � � ò � , ø ñ ö������ � þö � �! ��!ö � � " � � þ ,
andperhaps

�!ö����#� �!ö �
. Theseprior distributionswill beusedas“placeholders”

in thenotationbelow; their particularform will not affect our conclusionsin any
substantialway. We will calculatetheso-called“completeconditional”distribu-
tions (e.g.,Gelman,Carlin, Stern,& Rubin,1995)of eachparameter, given the
dataandtherestof theparameters.Sucha calculationis directlyusefulin setting
up anMCMC algorithmfor Bayesianestimationof the modelparameters(e.g.,
Patz & Junker, 1999a;1999b),and is alsouseful in someversionsof the E-M
algorithm,suchasECME (e.g.,Liu & Rubin,1998).However, evenwhenE-M
is “possible” for a model like (1.13), it neednot be practical,due to the need
to sumover all configurationsof the latent $ vector(seeequation1.14below).
For casesin which relatively few $ ’s carry mostof the latenttrait distribution,
MCMC canbeamoreefficient—albeitapproximate—wayto estimatethemodel.
This phenomenonhasbeenfound in othermodelswith complex discretelatent
structureaswell (e.g.,Seltman,1999;Snijders& Nowicki, 1997;andTer Hofst-
ede,Steenkamp,& Wedel,1999).

As usualin settingup anMCMC calculation,we notethat thecompletecon-
ditional distribution for eachparameteror latentvariableis proportionalto the
productof only thoselikelihoodandprior factorsin Table1.1dependingon that
parameter. Thusweobtainfor example

% � � ò 	 rest
�'&(� �� � ò � ) �
* � ý + � ý � ) � , � " * � ý - + � ýò �
� � � ò � .

% � � ò 	 rest
�'& � ) � * � ý , � "
+ � ý -ò � �� � ò � ) � , � " * � ý - , � "
+ � ý - � � � � ò � ./ ��� . 0 0 0 . 1

, where“rest” standsfor thedataandtherestof theparametersin the
model.Fromtheseit is easyto seetheintuitively plausiblefactsthatthattheslip
parameter� ò is sensitiveonly to successesandfailuresof thoseexamineesó ñ who
we hypothesize(throughthe valuesof

ù ñ ò
uponwhich we have conditioned)do
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have therequisiteskills to performtask 2 3 , andsimilarly theguessingparameter4 3 is sensitiveonly to successesandfailuresof examineeswhowehypothesizedo
nothavetherequisiteskills.

Morecentralto thegoalof assessingexaminees,weseethatthecompletecon-
ditionaldistributionsfor 5�6 7 areof theform:

8�9 5�6 7 : rest;<>=3 ? @�A B C�D
E 9 F�GIH 3 ; J K A H D L J K A3NM O K B P Q R B SK A E 4 J K A3 9 FTGU4 3 ; D L J K A M D L O K B P Q R B SK A
VXW O K B7 9 F�G W 7 ; D L O K B Y

where Z [ L
7 \6 3^]X_U`baC
7 ? @�A c�C�D 5�6 ` , which indicatespresenceof all skills needed
for task d , exceptfor skill e . From thesecompleteconditionalswe canseethat
whenZ [ L
7 \6 3 ] F , thesuggestedconditionalmodelfor 5�6 3 is somesortof Bernoulli,
which makessense.Also, whenthereareno taskssuchthat both f�g 7 ] F andZ [ L
7 \6 3 ] F , then5�6 7 is sensitiveonly to its priordistribution W O K B7 9 F G W 7 ; D L O K B : no
learningfrom dataoccurs.Thisobservationis reallyaversionof thecredit/blame
assignmentproblem(e.g.,VanLehn& Niu, in press):wecannotinfer whether5�6 7
waslearned,if we arehypothesizingthatanotherneededskill is still unlearned.
Roughly, theremustbe informationin the taskperformancedatato allow us to
assigncredit(whena taskis performedcorrectly)or blame(whenit is performed
incorrectly)to everycognitiveattributerelatedto thetask.

Thereareessentiallytwo waysto avoid thecredit/blameproblem.In somesitu-
ations,skills canbescoreddirectly;thisis possiblefor examplewithin Anderson’s
ITS’s for LISP, algebraandgeometry, becausestudentsarerequiredto success-
fully performeachsubgoal/skill,with hints andrepeatedattemptsif necessary,
beforemoving on thenext subgoalin thetask(e.g.Embretson,1997,pp.309ff.).
If onecannotscorethetaskssubgoalby subgoal,onecantry to designtheassess-
ment(by handor usingmethodsfrom traditionalstatisticalexperimentaldesign)
sothatthetasks,takentogether, thetaskperformancedatainformsusabouteach
skill. VanLehn,Niu, Siler, andGertner(1998) illustrate the inferentialdifficul-
tiesthatcanresultwhenitem setsarenot constructedwith thegoalof designing
aroundthecredit/blameproblem.

Finally if we want to estimatetheskill baseratesW 7 in thepopulation(a mea-
sureof skill difficulty) we may include a fourth set of completeconditionals8�9 W 7 : rest; < W�h B7 9 F�G W 7 ; i L h B W 9 W 7 ; Y where j 7 ]lk�6 5�6 7 is thenumberof stu-
dentswhoarepresentlyestimatedto haveskill e .
4.2 A Rolefor NonparametricIRTMethods?

Suchmodelsas (1.13) may seemvery far removed from the settingin which
nonparametricIRT methodsarefamiliar. I wantto suggestseveralwaysin which
they arenotsofar removed.
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First,supposethattheskill variablesm�n o varyindependentlyof oneanotherin a
populationof studentsor examinees,aswouldbeconsistentwith e.g.,Anderson’s
(1993)ACT-R theory, andsupposethattheslip andguessingparametersp q andr q
arefixedandsatisfytheplausibleinequality s tTuvp q wTx�r q . A modelfor thetask
performanceof arandomly-sampledexamineefrom thepopulationwouldthenbey�z {}|�~���|�� ��� q y q s � q s

�
w w � � z t�u y q s � q s

�
w w � � � � ��� s

�
w (1.14)

where� s
�
w isaproductmeasureoverthespaceof binaryskills

� | s m � � � � � � m�� w ,
and
y q s � q s

�
w w is themonotonefunctiony q s � q s

�
w w | s t�uIp q w � � �

�T�
r � � � � �

�T�
q

of � q s
�
w w ; hence

y q s � q s
�
w w is also monotonein the coordinatesm!o of

�
(the

index � hasbeendroppedfrom m�n o to indicatethatweareonly workingwith the
marginal modelin what follows). Note thesimilarity of equation(1.14)to (1.2)
and(1.3).

It follows from Lemma2 of HollandandRosenbaum(1986)thatfor any non-
decreasingsummaryr!s { w of

{}| s � � � � � � � ��� w , � z r
s { w��
� �

isnon-decreasing
in eachcoordinatem!o of

�
; this implies the SOM (StochasticOrderingof the

Manifestscore��� by the latenttrait) propertyof Hemker et al. (1997),namely
that
y�z ���������

� �
is non-decreasingin eachcoordinatem!o of

�
. Not muchis

known abouttheinverseandmoreusefulpropertySOL(see1.7)whenthelatent
“trait” is multidimensional.Wemightconjecturefor examplethat

y�z m�o | tX�� q � � � �   � ��q | p � would be non-decreasingin p . As in conventionaldichoto-
mousIRT modelswe hopethat sucha propertyis true,becauseit meansthat a
mostpowerful testof masteryof skill ¡ canbebasedonasimpletotalof correctly-
performedtasksinvolving skill ¡ .

It alsofollows from Theorem8 of HollandandRosenbaum(1986)that since
�

is acollectionof independent,or moregenerally, associated,randomvariables,
thecollectionof responsevariables

{
is alsoassociated,thatis, for any two non-

decreasingsummaries¢�s { w and r
s { w , thatCov s ¢�s { w � r!s { w w�x�£ � Obtaining
CA (or a suitablegeneralizationin caseof multidimensional

�
) for
{

is a more
difficult challenge.

An invariantitemorderingproperty, suchas
y q s � q s

�
w w#¤ y�¥ s � ¥ s

�
w w uniformly

in

�
, will follow if weassumefor examplethat t!u�p q , r q , and � q s

�
w , arecomono-

toneas¦ varies,for all

�
. This is akind of Guttmanscalingconditiononthelatent

responses� q , thatsaysfor examplethateasierguessingis associatedwith lower
skill requirements,andvice-versa.Thus,our cognitive assessmentmodel(1.13)
providesfertile groundfor thinkingaboutinvariantitemordering,withoutneces-
sarilybeingtiedto preconceptionsaboutcontinuousunidimensionalIRT models.

More broadly, Hoijtink andMolenaar(1997)show how nonparametricmodel
featuressuchasconditionalassociation(1.4)andmanifestmonotonicity(1.6)can
bedirectly relevantto assessingmodelfit in aparametricBayesiansetting.Given
a completeandinterestingsetof nonparametricmodelfeaturesfor modelslike
(1.13),a similarapproachto modelfit maybetakenhere.
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Finally, amongmany whowork in thenonparametricIRT traditionsof Mokken,
Molenaar, Sijtsma,Holland,Rosenbaumandtheir colleagues,it is thesourceof
somebemusementthatweworksohardtoestablishthatscoressuchas§�¨ , which
areperfectlygoodin theRaschmodel,themoststringentof logistic IRT models,
alsosuffice to orderexaminees,assessmonotonicitypropertiesof theunderlying
model from observabledata,make masterydecisions,etc., in generalnonpara-
metric settings.CertainlycomparisonsbetweenRaschandMokken scalingare
not new (e.g.,Meijer, Sijtsma,& Smid, 1990),and aspectsof both Holland’s
(1990)“Dutch identity” work andScheiblechner’s (1995;seealsoJunker, 1998)
“ISOP-model”work canbe seenpartly asattemptsto formalizethe connection
betweenRaschandnonparametricIRT methods.

I believe that the connectionis actually rathersimple,and is nearlyobvious
from Holland’s (1990)work: TheRaschmodelis a very well-behavedexponen-
tial family modelwith immediatelyunderstandablesufficient statisticsfor items,
givenpersonparameters,andimmediatelyunderstandablesufficient statisticsfor
persons,given item parameters.Much of the work on monotonehomogeneity
modelsandtheircousinsis directedatunderstandingjusthow generallytheseun-
derstandable,but no longerformally sufficient,statisticsyield sensibleinferences
aboutexamineesanditems.The model(1.13)providesus with a different“ba-
sic” modelfor cognitiveassessment,in whichparametersdependon immediately
understandablesummariesof thedata,asillustratedby thecompleteconditional
calculationsabove. We may askhow complex the relationshipbetweenthe ex-
amineeskill parameters© and the taskperformancedata ª can get, and still
have thesesummariesbe informative aboutguessing,slips presenceor absence
of skills, etc.We may alsoaskwhetherthis is the “right” parametricmodelon
whichto baseanonparametrictheoryof cognitiveassessment.For example,other
possiblemodelswemightconsiderinsteadof (1.13)asastartingpoint for sucha
nonparametrictheoryincludetheconstrainedlatentclassmodelof Haertel(1989)
andthehybridmodelof YamamotoandGitomer(1993).

In additionto theintrinsic interestof thisenterprise,theresultingnonparamet-
ric theoryof cognitive assessmentmay have somepracticalutility. The relative
easewith which the original Corbett,AndersonandO’Brien (1995)modelcan
be estimatedis a consequenceof both its careful tailoring to the psychological
theory, and thefactthatdatacouldbecollectedat theskill level (samegranular-
ity asthe psychologicaltheory),ratherthanat the tasklevel, by theLISP tutor.
But otherassessmentsettingsmaynotpermitsuchtight bindingof datacollection
designandpsychologicaltheory;andour discussionof the model(1.13)shows
thatevenrelatively minor modificationsalongtheselines canmake the inferen-
tial taskmoredifficult. EstimationprobablyrequiresE-M, MCMC, or someother
computationallyintensivemethod,andgreatcaremustbetakensothateverypa-
rameteris identifiablefrom thedata.Modelsbeingproposedin thepsychometric
literaturetodayto helpunify thetraditionalIRT anddiscrete-cognitive-attributes
approaches,suchastheUnifiedModelof DiBello, JiangandStout(in press),also
appearto requiresuchtreatment.In many cases,theestimationmethod,while fea-
sible,maywell betooslow for usein real-timefeedback,aswith computerbased
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intelligent tutoring systems,andtoo complicatedfor teacherscoringof assess-
mentsembeddedin instruction.A cleartheoryof whichfasterdatasummariesare
relevantto thecognitive inferenceswe wish to make,overa wide varietyof cog-
nitive assessmentmodels,would beanimportantcontribution from theinterface
betweennonparametricandparametric“IRT” models.
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