The Normal Distrib ution
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The Normal Distribution is a commondis-
tribution in statistics.\Ae've seenit befoe,

it is a bell-shapedlistribution. Many types
of datafollow this distribution—eg., 1Q test
scokes and physicalmeasuementdata like
heightsandweights.

e Let X denotea Normalrandomvariable.

e 1, denoteghe meanof thedistribution, and
It determineshe centerof symmetryof the
distribution.

e o denoteghestandardeviation, andit de-
termineshow wide thedistributionis.



TheStandad Normal Distribution

Thisdistribution is simplya Normal Distri-

bution with mean, = 0, and standad de-
viation,o = 1. We cancorvert Normalran-
domvariablesto Standad Normal Random
Variable asfollows:

o Let X ~ N(u,0). Then

Is a StandardNormalrandomvariable.
e Forexamplef X = 95,andX ~ N(100,15),

then
7 95 — 100
15
_ 5
15

= —0.33.



Probability: AreaUnderthe Curve
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e P(1 < Z <2)=0.136, by calculatingthe areaunder
the curve betweerthetwo verticallines.

We canusethe 68—-95—99. percentrule to obtainan ap-
proximationto this value:

e Since2istwo sdfromthemean,P(Z < 2) = 0.975.
e Sincelisonesdfromthemean,P(Z < 1) = 0.84.
e We cancombinetheseto find

P(1<Z<2) = P(Z<2)-PZ<1)
= 0.975—0.84
= 0.135.



WhyStandadize?

We usetheStandad NormalDistributionfor
thefollowing reasons:

So we canlook up probabilitieson a
singletable (note,for our purposesn
this class,all we needto useis the 68—
95-99.7percentrule and linear inter-
polation).

Sowe cancompareNormalrandomvari-
ablesondifferentscalegrecallthehome-
work questiorwhereyou comparedQ
testscores).

Whythe NormalDistribution?

The Normal Distribution is importantfor a
numberof reasons:

Lots of commondatafollow the Nor-
mal distribution.

We canapproximatetherdistributions
with it.

It hasnice properties]ike the 68—95—
99.7percentule.

The CentralLimit Theorem.



Non-normal Distrib utions
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The binomial distribution is a Non-normal
distribution. In somecaseshowever, it can
be approximatedoy a Normal distribution.
Herearesomeexamples.
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Let X beabinomialrandomvariablewith
p = 0.5 andn = 20.

0 5 10 15 20
rbin

a Normal distribution with 1 = np = 10
ando = +/np(1 — p) = /5 givesafairly
goodapproximation.

In generaljf X is abinomialrandomvari-
able,with succesgprobability p andn tri-
als, thenthe distribution of X canbe ap-
proximatedoby a Normaldistribution with

1. p=mnp
2. 0 = +/np(1 - p)
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Let X1, Xo,..., Xr bebinomial random
variableswith p = 0.15 andn = 40.
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Here,aNormaldistributionwith ;1 = np =
6 ando = \/np(1 — p) = v/5.1 approxi-
matesthe binomialdistribution fairly well.




TheNormal Approximationto the Binomial

In geneal, this approximationworkswell if
np > 5ANDn(1 —p) > 5.

e In thefirstexample,np = n(1 — p) = 10.

e In thesecondexamplenp = 6 andn(1 —
p) = 34.

e Consideonemoreexample: X1, Xo, ..., X%
are binomial randomvariableswith p =
0.2 andn = 10.
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Here the Normal approximationis not as
good (thoughit’s not bad!), sincenp = 2
In this case.



The Central Limit Theorem

This theoemtells us two importantthings
about samplemeansof randomvariables.
Supposavetake repeatecsampleof sizen
from a distribution that has somearbitrary
shape Thenthe Cental Limit Theoemas-
sertsthatwhenn is large:

e Thedistributionof thesamplaneanss
Normal, with meanequalto the mean
of theoriginal distribution.

e The standarddeviation of the sample
meanswill equalthe standarddevia-
tion of theoriginal distribution divided
by n, thesizeof thesample.

NOTE:

TheCentralLimit Theoremappliesyegard-
lessof the shapeof the original distrib u-
tion from which we sample

This meanghatif ourdatacomefrom a skewedor multi-
modal distribution with meany and standarddeviation
o, thenthedistribution of themeanof thatdistributionis
N (u, ﬁ), wheren is the sizeof the samplewe usedto

calculatethe mean.



What Does*When n is large” Mean?

Usually, n > 30 is “large”. Considethefol-
lowing, highly skeweddistribution. Thisdis-
tributionhasmeanu = 2 andstandardievi-
ationo = /2.
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Now, take repeatedamplegrom thisdistribution—
first of sizen = 5, thenn = 10, andfinally
n = 30. For eachsamplecomputehemeanand
thenplot the histogramof the samplemeansfor
eachsamplesize.



Forn = 5:
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Already, thehistogramooksfairly Normal!

Forn = 10:




Forn = 30:
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Noticethatthedistribution of the samplemeanis
fairly normalevenwith sampleof size5.



