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D UN N Conjecture: A simplified greedy strategy with O(dlogd N) space-
Xi S [07 1) 7X — {X17 <. 7XN}7 X7 = {X17 X27 - ‘}7 For a Streaming sequence X of i.1.d. U[O, l)d random V&fi&bl@& time Complexity Outputs a thinned sequence 7/ from a Streaming
R = Set of axis-aligned hyper-rectangles in |0, 1)d, Haar 2-Thinning strategy outputs a streaming sequence Z°° such sequence of i.i.d. U[0,1)? random variables, such that
vol(-) = Lebesgue Measure. that dlog? N

. : . . d1oa2d+L( N Dis(ZY) = (9( ) VN € N, almost surely.

Quantity of interest: Rate of the discrepancy sequence Dis( 7N ) =0 ( 08 v ( )) VN € N, almost surely. (Z7) N Y
Dis( xN ) = sup |— ’ RO XN | — vol(R).. ) | | Greedy Strategy: Winner takes it all. Keep x deterministi-

ReRIN The strategy has O(dlog” N) space-time complexity to output N cally if # votes in favor of x > # votes against z. Reject otherwise.

points and keeps at least one out of every two consecutive points

of the sequence X°. Numerical Experiments

Set-up and Objectives

Goal: Design a strategy, which selects a subset Z*° from a . R=[0,1/2] o R=(/52/
streaming sequence X of i.i.d. U[0,1]? random variables such Haar 2-Thinning Strategy 10-1 10m1]
that Dis(Z") < Dis(X™) - Given Z" and a new candidate point x, each Haar wavelet of order %O_Q %10‘2
Requirements: We can keep or reject any point in X*°. The up-to [log, N'| votes whether to keep x or reject it. 0 2o
sequence Z> should be dense in X*°. The strategy should be = Haar functions vote to maintain balance of points in their support. e éThdyTﬁg L4 - QGThdnyg
online and time and space efficient. - Based on votes, the point z is kept randomly with probability e y & ot 107 110
Remark: Dis(X?") = Monte Carlo Discrepancy = O (\/——) P(kee 1 1 ##votes in favor of & — gfvotes against x| R=0.1/2] - =152/
2 2 #total votes 1o 1y
if r is rejected, the next candidate point is kept. § 0 %10_2
Inspiration: Power of Two Choice 2 = Sowe cao Z [ S Ca
\Voting Regions of Haar Wavelets after Z1, . . ., o - éizzﬁinmng 107 éli;;?fmmng
. Heaviest Bin 21,5215 :" """""""""""""""""""""""""""" 10! o 10! 10! N (G 10"
N Ba”S’ N BIDS loz)iJgVN — : : Ordor 1 Against Figure 2: Plots of discrepancy for two different rectangles R in one and two

dimensions (averaged over 20 experiments). Axes are in logarithmic scale.
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Randomly sample a bin. Assign the new ball to it N W ._
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Two Choice Assignment

Randomly sample two bins. Assign the new ball to the better LJ LJ |j.| LJ Iil H H |_| L.| Order 2
one.
°

Proof Techniques

= Decompose arbitrary rectangles in terms of “diadic rectangles”

« Express diadic rectangles in terms of “Haar wavelets”

= Exploit exponential concentration of self-regulating processes to
maintain the balance of points in Haar wavelets up-to some

o resolution
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