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A metric tree is a labeled tree with lengths on interior edges.
Lemma
([Billera et al., 2001])

I An m-tree is a tree(a connected graph with no circuits) with a
root(distinguished vertex), and m leaves(vertices of degree 1),
labeled from 1 to m.

I An edge is interior if it is not connected to a leaf.
I A metric m-tree is an m-tree with positive lengths on all interior

edges.
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We place an edge directly above the root with the
corresponding leaf labeled with 0.
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The same tree can be embedded differently.
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Two trees sharing the same combinatorial structure but
having leaves labeled differently can be different.

6 / 27



Trees with the same combinatorics form an orthant.

I Consider a tree T , with interior edges e1, · · · , er of lengths l1, · · · , lr
respectively. The vector (l1, · · · , lr ) specifies a point in the positive
open orthant (0,∞)r .

I Points on the boundary of the orthant (length vectors with at least
one coordinate equal to zero) correspond to metric n−trees which
are obtained from T by shrinking some interior edges of T to 0.

I Each point∈ [0,∞)r corresponds to a unique metric n-tree.
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Trees with the same combinatorics form an orthant.
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Trees with the same combinatorics form an orthant.

I A binary tree has the maximal possible number of interior
edges(m − 2), and thus determines the largest possible dimensional
orthant (m − 2)

I The orthant corresponding to non-binary tree appears as a boundary
face of at least 3 orthants corresponding to binary trees

I The origin of each orthant corresponds to the tree with no interior
edges

9 / 27



We construct the space Tm by taking one
(m − 2)-dimensional orthant for each possible binary trees,
and gluing them together along their common faces.
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Geodesic is the shortest path.

Definition
A geodesic from x ∈ X to y ∈ X is a map c : [0, l ] ⊂ R→ X such that
c(0) = x , c(l) = y and ∀t, t ′ ∈ [0, l ], d(c(t), c(t ′)) = |t − t ′|
A geodesic segment from x to y is [x , y ] = c([0, l ])
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CAT(0) is the generalization of non-positive curvature.

Definition
X is said to be CAT (0) if the following is true:
∀a, b, c ∈ X with d1 = d(b, c), d2 = d(a, c) and d3 = d(a, b), form a
“comparison triangle” in the Euclidean plane with vertices a′, b′ and c ′

with side length d1 = d(b′, c ′), d2 = d(a,′ c ′) and d3 = d(a′, b′). If
x ∈ [a, b], find x ′ ∈ [a′, b′] with d(a, x) = d(a′, x ′).
Then d(x , c) ≤ d(x ′, c ′).
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The space of trees has nonpositive curvature.

Lemma
([Billera et al., 2001] Lem 4.1) Tm is a CAT(0) space.

15 / 27



Nonpositive curvature space has unique geodesic.

I ([Bridson and Häfliger, 2011] Prop Ⅱ.1.4) Tm being CAT (0) implies
that there exists unique geodesic segment connecting any two points
of Tm.
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Fréchet mean is a generalization of average in metric spaces.

Definition
Given a probability measure µ on a tree space Tm, its Fréchet mean T ∗ is

T ∗ = argmin
t∈Tm

∫
Tm

d(t,T )2dµ(T ).
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Our goal is to characterize the limiting distribution of the
sample Fréchet mean T̂ .

I For a collection of trees T1, . . . ,Tn ∈ Tm, the sample Fréchet mean
T̂ is the Fréchet mean on empirical measure, i.e.

T̂ = argmin
t∈Tm

n∑
i=1

d(t,Ti )
2.

I We characterize the limiting distribution
√
n(T̂ − T ∗).
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The log map is the generalisation of the inverse of the
exponential map on a Riemannian manifold.

Definition
([Barden et al., 2014]) For a tree T ∗ in top dimensional orthant in Tm,
the log map logT∗ : Tm → Rm−2 at T ∗ takes the form

logT∗(T ) = d(T ∗,T )vT∗(T ),

where vT∗(T ) is a unit vector at T ∗ along the geodesic from T ∗ to T .

I This is well-defined since Tm being CAT(0) implies that the geodesic
is unique.
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The modified log map adjusts the log map to originate from
the base tree.

Definition
([Barden et al., 2014]) For a tree T ∗ in top dimensional orthant in Tm,
the modified log map ΦT∗ : Tm → Rm−2 at T ∗ takes the form

ΦT∗(T ) = logT∗(T ) + t∗,

for t∗ the coordinates in Rm−2 of T ∗’s edge lengths.
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The Fréchet mean of tree space is the average on the log
space.

Lemma
([Barden et al., 2014], Lemma 3) Assume that the Fréchet mean T ∗ of µ
lies on a top dimensional orthant. Then T ∗ is characterized as∫

Tm
ΦT∗(T )dµ(T ) = T ∗.
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The limiting distribution of the sample Fréchet mean is
Gaussian.

Theorem
([Barden et al., 2014], Theorem 2) Let µ be a probability measure on Tm

with finite Fréchet function and with Fréchet mean T ∗ lying in a
top-dimensional orthant. Assume that µ(D) = 0, where D is the set of
trees with at least one internal branch of length zero. Suppose {Ti}i∈N is
a sequence of iid random variables in Tm with probability measure µ and
denote by T̂n the sample Fréchet mean of T1, . . . ,Tn. Then

√
n(T̂n − T ∗) N (0,A>VA),

where V is the covariance matrix of the random variable ΦT∗(T1), and

A = (I − E[MT∗(T1)])−1,

where MT∗(T ) is the derivative of ΦT∗(T ) at T ∗, with respect to T ∗.
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The limiting distribution of the sample Fréchet mean is
Gaussian.

Proof.

√
n(T̂n − T ∗) =

1√
n

n∑
i=1

(ΦT̂n
(Ti )− T ∗) (from Lemma)

=
1√
n

n∑
i=1

(ΦT∗(Ti )− T ∗) +
1√
n

n∑
i=1

(ΦT̂n
(Ti )− ΦT∗(Ti ))

≈ 1√
n

n∑
i=1

(ΦT∗(Ti )− T ∗) +
√
n(T̂n − T ∗)

1
n

n∑
i=1

MT∗(Ti ),

hence

√
n(T̂n − T ∗)

(
I − 1

n

n∑
i=1

MT∗(Ti )

)
≈ 1√

n

n∑
i=1

(ΦT∗(Ti )− T ∗).

And then apply delta method and slutsky theorem.
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Thank you!
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