
VOL. 3, No.  4 TECHNOMETRICS NOVEMBER, 1961

The Folded Normal Distribution*

F. C. LEONE~,  L. S. NELSON’,  R. B. NOTTINGHAM~

Measurements are frequently recorded without their algebraic sign. As a con-
sequence, the underlying distribution of measurements is replaced by a distribution
of absolute measurements. When the underlying distribution is normal, the resulting
distribution is called the “folded normal distribution”. The authors describe methods
for estimating the mean and standard deviation of the normal distribution based
on estimates of the mean and standard deviation determined from the folded normal.
Tables are provided to assist in the estimation procedure and an example included.

1 .INTRODUCTION

In the past few years inspection by variables has found increasing use through
efforts to increase inspection efficiency. The usual assumption of normality is
valid in many applications, though not in all. One apparently fairly common
type of non-normality has recently come to the attention of the authors. When-
ever a difference or deviation is measured and the algebraic sign is unknown,
disregarded, lost, or otherwise absent, the resulting distribution of these absolute
measurements can range in shape from Daniel’s “half normal” [l] to the normal
distribution as the limit.

Typical of the examples which arise in industrial practice are:

(1) measurement of flatness in which the object is placed convex side up (ir-
respective of which side this is) and a feeler gauge is used to find the difference
between the surface plate and the object.

(2) measurement of the camber (straightness) of mininature radio tube leads
(see Sec. 4).

(3) determination of the centrality of the sprocket holes in motion picture film
by finding the difference between the distance (Left edge to Left hole) and
(Right edge to Right hole). The edge and hole designations are arbitrary
because the (unused) film strip sample is not oriented. The distance be-
tween the holes is  constant since a single die punches the holes
simultaneously.

The characteristic which these examples share is that a measurement is
recorded without its algebraic sign. The effect of dropping the sign is to add the
otherwise negative values to the positive values. Geometrically this amounts
to folding the negative side of the distribution onto the positive side. When
the underlying distribution (of the algebraic values) is normal, the distribution of
the absolute measurements is here described as the folded normal distribution.
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Daniel’s half normal distribution is folded at the mean. In the general case 
treated here, the “fold” can occur at any distance from the original mean. We 
propose to consider first the folded normal probability density function (pdf), 
especially as it relates to the original normal pdf from which it came. We then 
consider some maximum likelihood estimates, followed by another estimating 
procedure which is simpler to handle. A table is presented for the estimation 
of p and u (the mean and standard deviation of the original normal) given an 
estimate of P, and u, (of the folded normal). A second table gives the areas 
of the folded normal for values of tf from 0 to 7 for eighteen different values of 
k/U/ ’ 

Finally, an example of real camber data is presented with an estimation of the 
theoretical distributions. 

2. THE FOLDED NORMAL DISTRIBUTION 

To derive a folded normal probability density function, first consider a normal 
probability density function 

9(Y) = __ 
-(u--P) ‘/2S” 

&2 ’ 
--oo <y-cm, (1) 

where P and g2 are the mean and the variance, respectively. Consider now the 
situation where x = / y 1, with x 2 0. The probability function has been “folded” 
at y = 0. Generally, in situations such as those previously mentioned, the values 
of cr and u are not known. Thus the distance between the mean P and the fold 
is unknown. 

The probability density function of the resulting folded normal distribution is 

(2) 

By direct integration we obtain as the mean value of x 

p, = liq&-~‘/2a= + PI1 - 2~(--/d~~l, (3) 
where 

F(u) = - dl. [l eet”’ dt. 

Similarily c: , the variance of the folded normal, is given by 

a; = /A2 + a2 - {(2/7r)be-p1’Zr1 + /.L[l - 2F(-/.L/a)]}2. (4) 
Maximum likelihood estimates of p and c2 are obtained in the usual manner. 

The estimating equations which result are 

and 

2 2i = i=l i=* 1 + e-zili/bz [ 2 (Xi + ji)’ - 3’7$]/4p. 
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Equating these gives 

Maximum likelihood e&imation is not practical here because of the complexity 
of the calculation. 

Another approach for est8imnting p and CT’ is to obtain estimates of p, and n; . 
It is reasonable to use as estimates of pr and CT: the unbiased statistics 

5 = (l/n) 2 5; 
2=1 

and S’ = [l/(n - l)] g (zi - $, 

respectively. With these estimates and equations (3) and (4) one can then 
solve for estimates of P and (T’. 

From equations (3) and (4) we readily derive 

(pflaf)’ 4 = G(e) 
1 + (Pf/~J (7) 

TARLE 1 
Values of c, and p Corresponding to Various Values of pf/cf 

In d Units In m Units 

Uf P 

1.3236 0.6028 0 1.62 0.8758 1.3341 
1.325 0.6233 0.2656 1.64 0.8825 1.3689 
1.33 0.6468 0.3979 1.66 0.8889 1.4027 
1.34 0.6733 0.5170 1.68 0.8949 1.4357 
1.35 0.6922 0.5935 1.70 0.9005 1.4678 

1.36 0.7076 0.6532 1.75 0.9132 1.5453 
1.37 0.7208 0.7034 1.80 0.9242 1.6192 
1.38 0.7326 0.7476 1.85 0.9338 1.6900 
1.39 0.7433 0.7874 1.90 0.9121 1.7583 
1.40 0.7531 0.8238 1.95 0.9494 1.8245 

1.41 0.7621 0.8577 2.00 0.9558 1.8888 
1.42 0.7706 0.8894 2.05 0.9614 1.9515 
1.43 0.7785 0.9194 2.10 0.9663 2.1028 
1.44 0.7860 0.9480 2.15 0.9706 2.0728 
1.45 0.7930 0.9752 2.20 0.9743 2.1317 

1.46 0.7997 1.0014 2.25 0.9777 2.1897 
1.47 0.8061 1.0266 2.30 0.9806 2.2468 
1.48 0.8122 1.0509 2.35 0.9831 2.3031 
1.49 0.8180 1.0744 2.40 0.9853 2.3587 
1.50 0.8235 1.0973 2.50 0.9890 2.4681 

1.52 0.8339 1.1411 2.60 0.9918 2.5755 
1.54 0.8436 1.1829 2.70 0.9939 2.6814 
1.56 0.8525 1.2228 2.80 0.9955 2.7859 
1.58 0.8608 1.2612 2.90 0.9967 2.8894 
1.60 0.8685 1.2982 3.00 0.9976 2.9922 
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u2 = (P: + a:)/(1 + 02), (8) 

where 

G(e) = 2/se-e”2 + O[l - 2F(- S)] 
1 + 82 f e = pcl/u. 

Table I gives values of uI and P, both in u units, corresponding to values of 
~,/u, so spaced that linear interpolation beyond ~,/a, = 1.50 yields values 

TABLE II 

Areos of the Folded Normal Distribution 

(Classified According to uf /uf 1 

tt 
F(t,) = I f Mdx 
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correct to approximately one in the fourth decimal place. One can thus make
use of the estimates of p, and uI as given by f and s to estimate u and p from
Table I.

3. AREAS OFTHE FOLDED NORMAL DISTRIBUTION

In many problems there  may be no interest in relating the folded normal to a
parent normal probability density function. One may wish to determine prob-
abilities associated with the folded distribution. To solve such problems, Table
II gives the areas under the folded normal from 0 to t, for various values of ~,/u, .

2.2-1

TABLE II (continued)

Areas of the Folded Normal Distribution

(Classified According to uf /ut 1

F(tf) = &r~dr tf to‘2
LrYlL-

“ p.,/a,  = 1.7
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.L

,.:‘:. .,
0 Pf tf

2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0

:::
;:g .1932 .2211 .2512

1.6 .2833
3 : 2;::

2:

0.0 . 0000
0.1 .ooa1

.0164

.o253
: :;';6'

. 0000 . 0000 .oooo .oooo . 0000 . 0000

.0063 .0049 .003a .0029 .0022 .0017

.0129 .OlOO .007a .0060 .oo45 .003l&

.0199 .0156 .0121 .0093 .0071.0277

.o364 :%
.0170 .0132 .0102 :~~:~
.0227 .0177 .0137 .0106

0.6 :"o::t .o463
: .0573
:;a:: .0293 .0231 .01ao

3 : :::a ::g: .0294  .0370 .0232 .029
.o "Q 0

.Oa63 .Ol .0232  

0.9 :%Z .085& .0699 .0569 .0459 ,036 'Q1.0 .I021 .0&J+ .0693 .0564 .o456 :"o:z

.1209 .1009 .Oa36 .0687 .0561
: :t;; ::;3 .0999  .1184 .0829  .0991 .06a2  .Oa23 .0679
.1909 .1392 .1176 .oa19
.21aa .1624 .13a3 .0981

.0291 .0230

.0365 .0290

%!
.0363
:L$t:",

.0816 .o674
.24a9 .2170 .1a79 .l614 .1376 .1164 .o977 .OEU

.2810 .2471 .2157 .la69 .1607 .1160
: ;;2 .2792 : :it:: .2147 .2447 .1861 .E139

::2:: : Z5

: :g
.1856 .1367 .I597

.3876 .7120 .277o .2340 .21?4 .l851

2.1 $2;; .3861 .347a .3111 .2762 .2129
2:

2g

.5034 $3

::;::
:g .? .3 !A 42 70 .3104

:3x
.243o .2753

2%
.3099 .2421

$1'; : :i:4 .462 .501 % .4226 .461a : .4221  ;g -3458 .3832 ::g .2750 .3092
2.6
2.
2. 8

:%T :%7' 2% :: b '0: :g3 .4613 .4217 .3a29
.I~610

.3 'B 52
.7246 .6911 :tg .6183 rg$z : igi1; $22

:::: ::ig .72 .75 % 7 5 .7uc9 :%
2::;
.6%4 2::: : -5795

2::;
: 5p$ :g

;:'2 :&S :gt
.756a .725o .61a0 5400

865

: % .a387
5%

A41 :77@

:;:'5: 22

:Z .72

2%

.7253 .6554
.a995 : 2,‘: :%

1;s;; :E% .6554
.ell$ .757 % :67:;2 .6913



548 F. C. LEONE, 1. S. NELSON AND R. B. NOTTINGHAM 

It is interesting to observe that F(t,) for ~,/a, equal to, say lc, is not necessarily 
greater than F(t,) for ~,/a, equal to k’ > k. This is caused by EL, and uf changing 
at different rates as the position of the fold changes. 

4. AX ILLUSTRATION 

In the manufacture of miniature radio tubes, leads are fixed in place by auto- 
matic machinery. It is important that the leads be straight, otherwise, they may 
fail to drop into position and can jam the feeding mechanism. Straightness is 
measured on an optical comparator by clamping one end of the lead in a rotating 
chuck. The camber is reported as the differences between the maximum and 

TABLE II. (continued) 

Areas of the Folded Normal Distribution 

(Classified According to uf /ut 1 

F(t,) = $Mdx tf _>o 

5.1 

::: 
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6.5 2:” 
6. I ;:o’ 

L p,/q = 1.7 
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1.3236 1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 
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minimum positions assumed by the unclamped end upon rotation minus the 
diameter of the lead. Thus a lead that is perfectly straight will yield a camber 
of zero. It follows that camber is an inherently positive characteristic. Table III 
gives data taken from an experimental run. 

From Table III we can calculate Z = 14.0140, s = 7.7868, and Z-/s = 1.7997. 
Using 1.80 as an estimate of p,/o, , Table I yields estimates of uI/u and P/U 
equal to 0.9242 and 1.6192, respectively. This gives u = 8.4254 and p = 13.6424. 
Substitution of these values in equations (1) and (2) gives the estimated theoreti- 
cal normal and folded normal distributions, respectively. Figure 1 shows the 
data of Table III together with these distributions. 

TABLE IT (continued) 

Areos of the, Folded Normal Distribution 
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Camber* 

TABLE 3 

Camber of 497 Lead Wires 

Observed 
Frequency Camber* 

Observed 
Frequency 

1 12 23 18 
3 26 25 14 
5 36 27 12 
7 50 29 4 
9 45 31 7 

11 49 33 2 

13 51 
15 44 
17 44 
19 40 
21 32 

* In mils. Class mid-points are given. 

35 
37 
39 
41 
43 

Nf (,L+ = 14.0140. r, = 7.7666) 

N (,A = 13.6424, c = 8.4254) 

CAMBER, MILS 

FIGURE 1 - Camber of 497 lead wires. 
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